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INTRODUCTION 

In  this  paper  some  of  the  theory  of  topological 
ra-groups  will  be  developed  with  some  new  contributions  to 
the  theory  of  algebraic  m-groups .   The  main  result  is  that 
any  topological  m-group  can  be  considered  as  the  coset  of 
an  ordinary  topological  group.   While  almost  no  work  has 
been  done  in  the  field  of  topological  m-groups,  an  exten- 
sive theory  of  m-groups  has  been  developed  through  the 
years . 

In  1928,  W  Dornte  [4]  introduced  the  concept  of  an 
m-group  as  an  extension  of  a  group  or  2 -group  which  has  as 
basic  operation  one  that  is  polyadic  instead  of  dyadic. 
Previous  attempts  had  been  made  at  this,  notably  by  E.  Kas- 
ner  in  an  unpublished  paper,  but  his  work  indicated  that 
he  still  considered  the  system  to  have  a  basic  dyadic  op- 
eration of  which  the  polyadic  operation  was  merely  an  ex- 
tension.  Dornte  was  the  first  to  publish  a  paper  consider- 
ing an  algebraic  system  in  which  the  basic  operation  was 
polyadic  with  no  underlying  dyadic  one. 

In  1932,  D.  H.  Lehmer  [lO]  introduced  the  concept 
of  a  triplex,  which  is  an  abelian  3-group  in  Dornte 's  ter- 
minology, apparently  without  knowledge  of  Dornte 's  work 
and  proceeded  to  develop  a  theory  of  these  triplexes. 


In  1935,  G.  A.  Miller  [13]  obtained  a  result  for 
finite  polyadic  groups  stating  that  every  finite  m-group 
is  the  coset  of  an  invariant  subgroup  of  some  ordinary 
group.   Unfortunately,  he  makes  the  tacit  assumption  that 
the  set  of  elements  in  the  m-group  comes  from  an  ordinary 
2-group  initially. 

A  major  advancement  in  the  field  of  m-group  theory 
was  achieved  by  E .  L.  Post  [ 15 ]  in  1940  when  he  proved  that 
any  m-group  (finite  or  infinite)  is  the  coset  of  an  invari- 
ant subgroup  of  an  ordinary  group.   In  addition,  he  proves 
in  his  paper  that  most  of  the  2-group  concepts,  with  the 
notable  exception  of  Sylow's  theorem,  can  be  extended  to 
m-groups . 

In  1952,  H.  Tvermoes  [25]  introduced  the  concept  of 
an  m-semigroup  and  did  a  little  work  on  them,  but  his  main 
interest  was  again  in  m-groups. 

In  1963-55,  F.  M.  Sioson  introduced  the  concepts  of 
topological  m-semigroups  and  topological  m-groups.   In  pa- 
pers by  him  [17],  [18],  [ 19 ] ,  [20],  [2l],  [22],  [23],  var- 
ious generalizations  of  many  theorems  in  2 -semigroups  to 
m-semigroups  have  been  achieved.   In  a  paper  with  J.  D. 
Monk  [24],  it  is  shown  that  any  m-semigroup  can  be  embedded 
in  an  ordinary  semigroup  in  such  a  way  that  the  operations 
in  the  m-semigroup  reduce  to  those  in  the  containing  semi- 
group.  A  representation  theorem  for  m-semigroups  then  re- 
sults . 


The  general  theory  of  such  algebraic  systems  has 
also  been  the  subject  of  study  in  papers  by  L.  M.  Gluskin 
[6],  [7]  and  D.  Boccioni  [2]. 


CHAPTER  I 
SOME  PROPERTIES  OF  ALGEBRAIC  m -GROUPS 

In  this  chapter  we  will  develop  some  elementary 
ideas  concerning  algebraic  m-groups  including  a  new  proof 
of  the  Post  Coset  Theorem  [15].   With  the  exception  of  [16], 
very  few  results  on  m-groups  with  idempotents  have  been 
published;  however,  some  new  theorems  concerning  m-groups 
with  idempotents  are  obtained  in  this  chapter. 

One  of  the  important  problems  arising  in  the  study 
of  m-groups  is  the  question  of  which  congruences  determine 
a  sub-m-group.   In  this  chapter  a  set  of  necessary  and  suf- 
ficient conditions  will  be  given. 

Notation  1.0:   In  the  sequel,  a  sequence  of  juxta- 

i+k 
posed  elements  x.  .  .  .  x,  ,  .  will  be  denoted  by  x .   ,  and  if 

^  1      k  +  i  ^      1   ' 

k  +  1 
X.  -X.,,  =  ...  =x.,,   -X  simply  as  x    ,  k  +  1  denoting  the 

1  1  +  1  i+k  ^   -^  ^ 

number   of    times    the   element   x   occurs. 

Definition    1.1:      An  m-semigroup    is    a    set   A   and    a 

function    f:   A   — >  A    such   that    for    all   a, ,     . . . ,    a^      ,    g   A, 

1'     '   2m-l     ' 

f(f(a^,  ...,  a^),  a^^^,  ...,  a2j^_^)  =  f(a^,  f(a2,  -..,  a^^^) 

^2  -1^^*   Following  customary  usage,  we  shall  write 

[a^^  ...  a^l  =  [a™]  for  f(aj^,  ...,  a^)  and  (A,  [])  for  (A,f). 


Proposition  1.2:   For  any  k  =  1,  2,  ...,  {A,  [])  is 

also  a  k(m-l)+l  s:Qmi^]£S2}AB-i^  ^     0  )  .  whe re  (a  ^'^      )  = 
r  r    r  "^1    1  1<(ri^-^)  +  l     i 

For  example,  a  2-semigroup  A  is  a  k(2-l)+l  =  k+1 
semigroup  for  any  k=l,  2,  ...  .   Ifk=2,  then  A  becomes 
a  3-semigroup  by  defining  (a,a„a  )  =  [[a.a^la  ]. 

Definition  1.3:   An  m-semigroup  (A,  [ ])  is  an  m- 
group  iff  for  each  i  and  for  alia,,  . . . ,  a .  _, ,    a .       ,     • • • , 
a  ,  b  6  A  there  exists  uniquely  an  x  6  A  such  that 


i-1  _m 

■i+1 


r   l-i    III    1      , 

[  a ,   xa  .  .  ,  J  ==  b . 


The    following  are    ^ome    examples    of   m-groups . 

Example    1.4:      Let   R      be    the    set   of   negative    real 

numbers    and   define    [ ] : (R    )    — >  R      by    [xyz]    =  x-y-z,    the 

ordinary   product   of   x,    y,    and    z.       Then    (R    ,     [])    forms    a 

3 -group. 

Example  1.5:   Let  S,,  S^,  ...,  S   ,  be  any  m-1  sets 
c i<       2'  '      m-1       -^ 

of  the  same  cardinality.   Let  F(S,,...,  S  _, )  be  the  family 
of  all  bijective  and  surjective  functions  f:  U ■ _,  S. — > 

m   1 

U-  T  S.  such  that  f(S.)  =  S  ...    where  p  is  any  fixed  per- 
1=1   1  ^  1      p(i)        f  J  f 

mutation  of  1,  2,  ...,  m-1.   Let  []:  F  — •>  F  be  defined  as 

the  composition  of  m  functions,  i.e.  [f, f  ]  (x)  = 

(f, (f  (x) ) ) .   (F,[j)  is  an  m-group  since  it  is  clear 

that  []  is  m-associative  and  if  x  €  S .  ,  f  (x)  €  S  /  ^^  \  , 

^m-l^^m^^))  ^  ^p(p(i)) ^^1  •••^fm^^)^^  ^^^^^  ^^  ^" 

element  of  S      where  p  (i)  is  the  m    permutation  of  i. 

p    (i)  is  i,  so  the  m   permutation  of  i  is  p(i).   Hence, 


[f,  ...  f  ]:  S. — >  S^,.«  so  that  [f,  ...  f  ]  €  F.   Unique 
1      mi     pvi^  J-      ^ 

solvability  follows  from  the  fact  that  the  functions  are 
bijective  and  surjective. 

Example  1.6:   Let  Z  be  the  integers.   Then  (Z,  []) 

forms  an  m-group  when  [  ]  :  Z  — ■">  Z  is  defined  by  [x,  ...  x  ] 

=  X,  +  . . .  +  X   +  h  for  any  h  6  I • 

1  m  ^ 

Example  1.7:  More  generally,  if  (G, • )  is  an  ordi- 
nary group  and  if  h  is  in  the  center  of  G,  (G,[])  will  be 
an  m-group  if  [ ] : G^ — >  is  defined  as  [x^  ...  x^]  = 

^l'^2--'^m-^- 

Example  1.8:   Let  %,    ?^ ^"""^  =    1-  bd  any  complex 

(m-1)  roots  of  unity.  Define  []:<£  — ■>  (E  by  [a,  ...  a  ]  = 
a,  +  a^^  +  ...  +  a  5  .  ((!,[])  forms  an  m-group  for  it  is 
clear  that  all  conditions  except  m-associativity  are  satis- 
fied, and  that  condition  being  satisfied  is  apparent  if  the 

following  two  expansions  are  studied:   [[a^la  ,,  ]  =  [a^l  + 
^       r-  '■  '■  1"'  ra+1        1 

•  1^-1       ,    ff  ,      ,    r-i-1  ,      r^i  , 

•  =a,  +a„e+...+a.i;     +a.,-,e   + 


a 


m+1^  +  •••  +  a2^_^5     =  a^  +  a25  +  ...  +  a.5     +  a.^^^" 

,    -m-1  ,      _  ^      ^       ffi  +  l  ,      ,       e^-"^ 
m        m+i  m+i+i  2m-i 

r  ir  i+mi  2m-l  ■\  ,    _  ,      ,    -i-1  ,  r  i+mi-i  . 

[a^[a.^Ja.^^^^]  =  a^  +  a^Z    +  ...  +  a.?     +  [^i  +  J?   + 

i+m.l^'^'  -^  •••  -^  -2m-l^"''  =  a^  ^  a^?  +  ...  +  a.^^"^  + 


a 


^i+m-i-l  i+m+l-i-1  ,m-l 

^i+(m-i)^  ^i+(m+l-i)^  +  ...  +  a2j^_^^ 

r^    -1  ■  ^   •  ^  ■,     .  •    j_,  ^  _i+m+l-i-l 

Equality  is  apparent  by  noting  that  a.  ,  , -,  _j  \  §  = 

m+1'     m+1^    ^  m+1^ 

Example  1.9:  Let  Z  ,   be  the  odd  integers  under  the 

operation  [x,  X2  x-]  =  x,+  X2  +  x^.   Then  Z^^^  is  a  3-group. 


Example    1.10:       Let   V, ,    V~ ,     ..,,    V      i    be    finite 
ti Y'       2'  m-1 

dimensional   vector   spaces   of    the    same   dimension   n.      Let 

L(V, ,     ....    V      1 )    be    the    set   of   all    (m-1) -tuples    of    non- 
1  m-i 

singular    linear    transformations    (A, ,    A- ,     . . . ,    A    _, )    where 

A.:V. — ■>  V    /j_\     for    the    permutation    p   =    (12... m-1).       L    is 

1  12 

an  m-group   under    the    operation    [  (A,  ,     .  .  .  ,    A    _-,  )  (A,  ,     .  .  .  , 

2       ,  -    m  m      »  1    _    ,1      2  m         1      2  n^~^ 

m-1^*-**'    1'     ••"       m-1^  ^    "    ^1      2     •••'^1'    ^2   ^3    '  '  *    m-1 

A,    A„,...,A   ,  A,  A^  . . .A   ,).   Associativity  is  clear, 
1     2'    '  m-1   1   2     m-1  ^  ' 

and  unique  solvability  follows  from  the  condition  that  the 

linear  transformations  be  non -singular . 

Definition  1.11;   An  (m-1) -tuple  (e,,  e„,  ....  e   ,) 

of  elements  e.  £  A  is  a  left  (right)  m-adic  identity  iff 

for  all  X  €  A,  [e^~^   x]  =  x  ([xe^"-""]  =  x)  .   When 

(e,,  e^,  ....  e   ,)  is  both  a  left  and  right  m-adic  iden- 
1    2 '     '   m-1  ^ 

tity  it  is  simply  called  an  m-adic  identity. 


Proposition  1.12:   For  any  a,  e,,  e^,     ..•,  e  _,  6  A, 
a]  =  a([ae™~  ]  =  a) ,  . 
left  (right)  m-adic  identity. 


if  [e,   a]  =  a([ae,   ]  =  a),  then  (e,,  e„,  ...,  e  .)    is  a 

—  1-  ]_         X  L   "i^   J        *  1'   2      '   m-1   


1 

Proof.   Let  X  t  A  be  arbitrary  and  [e-,    a]  =  a. 


m- 

;  a  sucn  tnar  [a^ 

m-,         r  r  m-1   T  m- 


Choose  a^,  ....  a  (^   A   such  that  [aa^]  =  x.   Then  x  = 
2 '     '   m  '■2 


[aa2]  =  [[e,    a]a2]  =  [e,    x].   The  other  part  is  proved 

in  a  similar  fashion. 

Proposition  1.13:   Every  left  m-adic  identity  in  an 

m-group  is  also  a  right  m-adic  identity  and  conversely. 

Proof.   Let  (e,,  e„,  ....  e   , )  be  a  left  m-adic 
1    2 '     '   m-1 

identity.   Note  that  [ae'^'^Le   ,  e""'^]]  =  [a[e™"^  eje'?"^ 

1     m-1   1  1     12 


8 

m   T 

=  [ae,   ].   From  the  definition  of  an  m-group  it  then  fol- 

lows  that  [e   i  e,   ]  =  e   ,  which  by  Proposition  1.L2  im- 
m-i   i       m-i        -^     '^ 

plies  that  (e,,  e^ ,  •••!  e  _, )  is  also  a  right  m-adic  iden- 
tity. 

Proposition  1.14:   If  (e^^,  e^,     .-.,  %^-i^    is  an  rq- 
adic  identity,  then  for  each  i,  (e.,  ...,  e  _,,  e,,  ..., 
e . _, )  is  also  an  m-adic  identity  in  the  m-qroup. 

Proof.   If  (e,,  e^,  ....  e   , )  is  an  m-adic  identity, 
1 '   2 '     '   m-1  ^  ' 

then  [e,  e„...e   ,  e,]  =  e,  and  hence  by  Propositions  1.12 
1   2     m-1   11  J  t:' 

and  1.13  it  is  also  true  that  (e^,  ....  e   ,,  e,)  is  an  m- 

2 '     '   m-1 '   1 

adic  identity.   By  a  repetition  of  this  argument,  the  re- 
sult follows. 

Definition  1.15:   An  element  x  in  the  m-group  will 
be  called  an  idempotent  if  i\nd    only  if  [x  ]  =  x. 

Proposition  1.16:   If  x  is  an  iderapotent  in  an  m- 
group  A ,  then  (x,  x,  . . . ,  x)  (m-1)  times  is  both  a  left 
and  right  m-adic  identity. 

Proof.   (x,  X,  ...,  x)  (m-1)  times  is  a  left  and 
right  identity  on  x;  hence,  by  Proposition  1.12,  for  all 
z  t  A.   By  Proposition  1.13,  (x,  ....  x)  (m-1)  times  is 
both  a  left  and  right  m-adic  identity. 

Definition  1.17;   The  inverse  of  an  (m-2) -tuple 

(x, ,  x^ ,  ...,  X  _^ )  of  elements  from  an  m-group  is  the 

unique  element  x   ,  also  denoted  by  (x, ,  x„ ,  ...,  x   „) 

m-1  -'1    2         m-2 

such  that  (x, ,  x^ ,  ...,  x   ,)  is  an  m-adic  identity.   We 
1    2 '        m-1  ^ 

note  that  such  an  element  always  exists  by  the  definition 
of  an  m-group  and  Proposition  1.12. 
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Definition  1.18:   Let  S, ,  ....  S   .be  any  (m-1) 
1'     '   m-1       -^  ^ 

sets.   An  m-adic  function  on  S,  .....  S   ,  is  a  function 

1        m-1 

m-1         m-1 

f :   U   S  .  — r>   IJ   S  . 
1      .     i 
1=1        1=1 

such  that  f(S.)  c:  S  ,  .  >   ,         ,,-      ,> 
1   =   a(i)  where  a  -    (12... m-1). 

Proposition  1.19:   The  family  of  all  surjective  and 
bijective  m-adic  functions  on  sets  S,  .....  S   t  of  the  same 
cardinality  forms  an  m-group. 

Proof.   See  Example  1.5. 

Definition  1.20:   Two  k-tuples  (k  <  ra)  of  elements 
from  an  m-group  A  are  equivalent,  i.e.,(a.  ,,  ...,  a-,i.)  ~ 

i+1 '  •••'   i+k)  ,  iff  for  all  x,  ,  ....  x.,  x...  ^,,  •••, 

'  i'     '   i'   i+k+1' 

x   €  A  (0  <  i,  i+k  <  m) , 

r  i  i+k  m     1  =  r  ■'-b,-'-"^^  '^  1 

^^l^i+l^i+k+1^  "  ^^l^i+l^i+k+1^ • 

Note  that  by  the  above  definition  (a, a  )  s  (b,,  ..., 

b  )  if  and  only  if  [a,]  =  [b,  ] . 
m  ^  1  -^    ^  1 

Proposition  1.21:   (^i+i'  •••'  ^i+k^  -  '^i+1'  '••' 
b.  ,)  iff  there  exists  c,  ,  ...,  c.,  c.  ,  -,,  ...,  c   €  A  such 


that 


r  1  1+k  m  1  r  1,  i+k  m  t 
Lc,a.,,c..,  ,,J  =  Lc,b.,,c..,  ,,J 
"■  1  1+1  i+k+1"'    "■  1  1+1  i+k+1 


Proof.   Letd.^,,  ...,d   ..d^,  ...,d.,,  6  A  such 
1+1'     '   m-1'   2'     '   itk 

that  (d.^^,  ...,  d^_^,  c-^,  ...,  c.)  and  (c.^^^^,  ...,  c^, 

d„,     ....    d.    ,)    are    m-adic    identities    of  A.       Then    for    each 
2 '            '       1 +k 


10 


^1'    ••*'    ^i'    ^i+k+1'    •••'    ^m   ^  ^' 
r    i   i+k  m  i 

r    ir  ,m-l    i  1    i+k-lr  m  ji+ki    m  ■> 

rr      i,m-lr      1     1 +k     IH  rr,i+k     ITl  i 

rr  i^m-lr  i,i+k  m     it, i+k  m     i 

r  ir  ,in-l  i,     T,  i+k-lr,     Tn    ji+ki  m     i 
■•  !'•  x  +  1  1  x+l"*  x+2   '■  i+k  i+k+1  2   ■■  i+k+l-* 

^^l^i+l^i+k+1^* 
Proposition  1.22:   c  is  an  equivalence  relation. 
Proof.   That  s  is  reflexive  and  symmetric  is  clear. 

Suppose  (a-L  +  2.'  *••'  ^i+k^  "  ^^i  +  1'  •"'  ^i+k^  ^"^  ^^i+1' 

....  b.  ^,  )  B  (c .  ,  ,  ....  c.  ,,  )  .   By  Definition  1.20,  for 
'   i+k       1  +  1'     '   i+k     -^ 

[■  i  i+k  m     1  _ 
any  x^,     ...,  x^,  x^^^^^,  ...,  x^  ^  a,  Lx^a^_^^x^^^^^  j 

L^l^i+i^i+k+i-l  =   t^l^i+i^i+k+J-  ^^''^^'  ^^i+i-  •••'  ^i+k^ 

Let  S^  =  A^/a.   Note  S.^    =  A. 

Theorem  1.2  3:   Any  m-group  is  isomorphic  to  an  m- 
group  of  bijective  and  surjective  m-adic  functions  on  dis- 

"joint  sets  S,,  ....  S   ,. 

w 1 '     '   ni  - 1 

Proof.   Let  F(S,,  ....  S   ,)  be  the  family  of  all 

1      '   m-1  ^ 

surjective  and  bijective  m-adic  functions  on  S  ■  =  A  /s, 

m-1     m-1 
i  =  1,  ...,  m-1.   For  each  a  6  A,  define  L  :   U  S. — >  U  S. 

1=1    1=1 

such  that  L^((Xj^,  ...,  x^)/^)    =    (a,  x^,  ...,  x^)/a,  i  =  1, 
...,  m-2 ,  and  L  ( (x, ,  ...,  x   ,)/■)  =  [ax,   ]. 


11 


This  is  well  defined  since  if  (x, ,  ...,  x)  ■ 
(y^^.  •••»  Y^)>    then  also  (a,  x^^,  ...,  x^)  s  (a,  y^,  ..., 


Suppose  L^((x^,  ...,  x^)/5)  =  L^((yj^»  •••»  Yj_)/-) 


so  that 


(a,  x^,  ...,  x^)  =  (a,  y^,  ...,  y^) 


,  ,      r   i  iti-It    r   i  ra-li  ^ 
and  hence  Lax,a.  ,J  =  Lay-iaj^.-iJ  for  some  ^j,-.;  •••> 

a   ,  €  A.   Thus,  by  Proposition  1.21,  (x, ,  ...,  x . ) /s 

~  (Yi >  •••»  7')/=;  that  is  to  say,  L   is  bijective. 
jL        1  a 

Let  (y^^,  ...,  Y^+i)/=    ^   ^i  +  i"   '^®"  ^°^  ^i+2'  •'•' 
a   €  A,  there  exists  uniquely  (by  definition  of  an  m-group) 
an  X  €  A  such  that 

r   i  m   n    r  i+1  m   i 
[ay2xa.^2J  =    ^^1   ^1+2^* 

This  means  that  L  ( (y2 ,  ...,  y^^,  x)/h  =  (y^,  ...,  Y^_^_-^)/s. 

Thus  L   is  also  surjective. 

a  ■' 

Define  f:  A  — ■>  F(S,,  ....  S   ,)  such  that  f(a)  =  L 

^  1'     '   m-1  a 

Note  that 

([a^],  x^,  ...,  x^)  s  (a^,  [a^Xj^],  ...,  x^) 

([a2X^],  ...,  x^)    H  (,a^,    [a^x^],  ...,  x^) 


Thus, 


([a^xj^   ],  x^)  3    (a^,  [a^_^^x^]), 
(La^^^x^J)  s  (a^^-j^,  ...,  a^,  x^^,  ..a,  x^)  . 

Lr  mj((Xj^,  ...,  x^)/3)  =  ([a-j^],  x^,  ...,  x^)/ 
=  L^  ([a2X^],  X2,  ...,  x^)/s)  =  ... 
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=  L   L   ...L^  ((x,,  ...,  x.)/«). 

Whence  fCla^])  =  L      =  L,  L^  • • -L    =  f (a, ) f (a, )  .  .  . f (a^)  . 
1       r  mi     a,  a^     a        i     z       m 
[a, J      12      m 

f  is  also  one-to-one.   For,  ifL   =f(a)  ==f(b)  =L,  , 

'      a  b' 

then  L^((xj^,  ...,  x^_^)/b)  =  Lj^((x-^,  ...,  x^_^)/b)  and 
therefore  [ax,   ]  =  [bx,   ]  or  a  =  b  by  Definition  1.3. 

Next  we  shall  prove  the  Post  Coset  Theorem.   Other 
proofs  may  be  found  in  Bruck  [3]  and  Post  [15].   The  ana- 
logue of  this  theorem  for  m-semigroups  has  been  proved  by 
Los  [ 11 ]  for  m  =  3  and  later  for  arbitrary  m  by  Sioson  and 
Monk  [24]. 

Theorem  1.24:   (Post  Coset  Theorem),   Let  {A,[])  be 

an  m-qroup.   Then  there  exists  a  group  (G,*)  and  normal 

subgroup  N  of_  G  such  that  G  'N  is  cyclic  and  A  =  xN  with 

[a,]  =  a'a„-'*a   for  all  a,,a„,...,a   €  A.   In  fact.  G/N 

=  [ A  ,  .  .  .  ,  a"^ ~  ]  ,  N  =  a"^   and  the  order  of  G/N  divides  m - 1 . 
Proof.   By  the  representation  theorem  for  m-groups, 

every  m-group  is  isomorphic  to  an  m-subgroL p  of  the  m-group 

of  surjective  and  bijective  m-adic  functions  on  S,,..., 

S   , .   Let  G  be  the  group  generated  by  A. 

Note  that  for  a  fixed  a  ^  A  and  any  element  b  = 

a^...a   ,  6  A    ,  there  exist  uniquely  x,  y  €  A  such  that 

m-1 

''■I'-'^m-l' 


r   iU-i  -I 

[a,   xj  =  a-,...a„  -,x  =  a 


Thus  every  element  of  a"^    can  be  expressed  as  ax~   or  y~  a 
for  any  fixed  a  €  A  and  x,  y  6  A.   Thus,  if  b,  =  yT  a, 


b^  = 
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•1  ^     •,     .    ^  ,m-L   ^^    ,  ,  -1 


2  =  y„  a  are  any  two  elements  of  A    ,  then  t),b„ 

^  -1-  \  /  -1  \-l     -1-1       -1        T        ,     ^   . 
(Yt  aJvYo  ^'    ^  Yi  ^^   Yt  ~  Yi  Yo  ^^  also  an  element  of 

A    .   This  means  A     is  a  subgroup  of  G    Note  also  that 

m-1         m-1  -1  m-1      m-1 

for  each  agA,  aA     =A  =  A    a.   Tnus  a   A    a  ==  A     - 

aA    a    for  each  a  €  A.   Since  A  generates  G,  then  any 

g  £  G  may  be  written  as  q  ==  a,^...a  "  for  a.  ^  A  and  i,  = 
^    ^  ^  -In        1  k 

-1  or  1.   Then  g   A  g  =  A     and  A  is  a  normal  sub- 

group  of  G.   From  aA  =  A  we  obtain  a  aA     =  a   A  = 

A    .   Thus  a   A     =  (a   A)A     =  A    .  Similarly,  for 

a,a„^A,aa„A  =a,A     =A    ,  and  so  on.   Thus 

g/a"^-^  =  a  0  a%  a^  u  ...  J  a"^-^ 

Some  of  the  Ai's  may  be  equal.   In  any  case,  the  order  of 
G/A     is  a  divisor  of  m-1. 

Definition  1.25;   G  will  be  called  the  containing 
group  of  A  and  A     the  associated  group  of  A. 

If  the  order  of  G/A  is  exactly  m-1,  we  shall  say 
that  G  is  a  covering  group  of  A .   E.  L.  Post  [15]  has 
shown  that  this  can  always  be  achieved  for  any  m-group  by 
considering  a  free  group  generated  by  the  elements  of  the 
m-group. 

The  following  theorem  due  to  Sioson  [20]  will  prove 
useful  in  the  sequel. 

Theorem  1.26:   The  following  conditions  for  an  m- 
semigroup  are  equivalent; 
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(1)  A  is  an  m -group; 

(2)  For  all  i  ^  1,  ...,  m,  for  a. 


'  ^i-1' 


'^i+l'  •**'  ^m'  ^  ^  ^»  there  exists  an  x  €  A  such  that 
r  i-1   in   1    T_   .      r  i-i,  m  ^ 

(3)  For  some  i  between  1  and  m,  for  a,,  ..., 
a  ,  b  6  A,  there  exists  an  x  £  A  such  that  [a,   xa .  , ]  = 
b.  I.e.  La-,   Aa.,J  =A. 

(4)  For  each  a^^,  a^,  ...,  a^_^  $  A,  [a.^   a]  = 
A  -    [Aa^-^]; 

(5)  For  each  a  e  A,  [aA"^""""]  =  A  =  [A^'^a]; 

(6)  For  all  a,,  ....  a   „  €  A,  there  exists 

1      '   m-2     ' 

,  €  A  such  that  (a,,  ....  a   , )  is  an  m-adic  identity. 
-1  1'     '   m-1  -^ 

Proof.   (1)  implies  (2)  implies  (3)  implies  (4)  im- 


a 

m 


plies  (5)  are  obvious.   (2)  implies  (1)  by  definition  of  m- 

.c     ■  rr       ^  ^     1-  Li-  i  r  i~l   n^   1    r  i-1   m   1 
group;  for,  if  x,  y  S  A  such  that  [a,       xa .  , J  =  [a,   ya-,iJ, 

then  for  some  elements  b.,  ....  b   ,,  c^,  ....  c.  €A, 

1 '  '      m-1 '       2 '  '       1  ' 

i'  *      m-1'       1'  '       1-1'  '     ^    1  +  1'  '      m'       2'  '       i' 

are   m-adic    identities    and   hence    x    -   y. 

(5)  implies    (2).       Let    (5)    hold    and    a,,    a„,     ..., 

a      6    A.      Noting   A      =   A,    then 
m  -^ 

r    i-1,    m      T         r    i-l,2m-l   m      i 
[a^      Aa.^J    =    [a^      A  a.^J 

r    i~2r  ,m-li,r,m-l  nm       i 

=    [a^       [a._^A         ]A[A        a.^Ja.^2^ 

ri-2,3mi  ,m 

=Lai       Aa.,^J=...=A      =A. 
1  1+2 

(2)    implies    (6)    as   we    have    already    seen. 

(6)  implies    (4).      We    shall    show   the    existence    of   an 

X    such    that    [xa^]    =   b    for    any    a„,     ....    a    ,    b    €    A.       Since 

2  -^       2 '  '      m 
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[a""]  -  A,    then  we  may  write  the  above  equation  as 

rr    rr  ^1^1    i,l   11,2,2    ,2   ■>    i,m-2  m-2    v.m-2i    , 
[[,..[  Lxb.bT  .  .b   ,Jb  b^...b   ,  J  .  .  .  Jb    b^   •  • -^i^  iJ  ="  t). 
12    m-1   1  2    ra-i       i    z  m-i 

By  applying  (6),  then 

r,  n  ni-2  .m-2     ,m-2T-l    r,2   2      2   -i-lr  L   1 
X  =  LbLb^   ,b2   , \-iJ   •  •  •  l.i^j_>  ^2  ,  .  .  .b^_-|^  J   Lb-j^,b2,... 

m-1 

Definition  1.27:   A  subset  S  of  an  m-group  (A,  []) 
is  called  a  sub-m-group  iff  S  is  closed  under  the  same 

operation  [ ]  in  A  and  for  each  x,,  X2,  . . - ,  x  _2  €  S ,  (x, , 

^2  '  *  '  '  '  ^m-2^    -  ^  * 

Proposition    1.28:       If   S    is    a    sub-m-group   of   an 

m-groU:J  A ,    then   H   =   S  is    a    subgroup   of    the    containing 

group,    in    fact,    of   the    associated   group  of   A . 

Proof.       Let   A   be    an   m-group   with    containing    group    G. 

2  m-1 

As    before,    we    may   assume    ACG=AJA      'O    .  .  .  .    \j   A         .       Let 

S    be    a    sub-m-group   and    H    -   S  c   G.       Since    S    is    a    sub-m- 

group   of   A,    for  each   x-,,    X2,     .  .  .  ,    x    _2    €    S ,    there   exists 
(x,  ,    Xp ,     ...,    X    _^)         -  >^    _\    ^   ^    such    that    (x,,    X2 ,     ..., 

X       T  )     is    an   m-adic    identity.      Hence    x,x„     ...    x      .,    as    an 
m-1  -^  12  m-1 

element   of   G   is    the    identity   and    is    also   an  element   of   H. 

Next,    let   X,,    x^,     ...,    X       ,    be   m-1   elements    of   S.      Then    for 
'  1 '       2 '  '      m-1 

any   y, ,    y^ ,     . . . ,    y      ^    €    S    there    is   a   y      ,    £    S    such   that 
([^1       Yi ^ '    y? '     ••••    y    _i )    -2    ^"   m-adic    identity  which    im- 
plies   then    that    (x-,Xt    ...    x      OCy^yo    •••    y      i  )    is    the 
'^  12  m-1      -' 1-' 2  -^m-l 

identity    of   H.      Hence    y,yo     ...    y       i     is    the    inverse    of 
•^  -^  1-*  2  -^m-l 

x,x„    ...    X      ,    an   arbitrary   element   of   H.      Also   note    that 
1    2  m-1  ^ 

H-H    =    S"'"^    S""-^    -   S"'    S""""^    =    S"""^    =   H.       Thus    H    is    closed 
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both  under  the  binary  operation  in  G  and  inversion  and 
hence  is  a  subgroup  of  G  and  hence  of  A    ,  the  associated 
group  of  A. 

Definition  1.29:   A  sub-m-group  S  of  A  is  called  in- 
riant  iff  [a-,  S  a  .  ,  -,  1  -  S  for  each  m-adic  identity  (a,  , 
1     1  +  1.  -^  ^  1' 


va 


a„,  ...,  a  _-,  )  of  A  and  each  i  =1,  2,  ...,  m-2  and  also 

[a,   [s  a     ]]  =  S  for  each  a^,  a^,  , . . ,  a„   „  such  that 
ira  12'        2m -2 

([a,],  a  ,,,,..,  a„   „)  is  an  m-adic  identity. 
1  '   m+1'     '   2m-2'  ^ 

Definition  1.30:  Let  S  be  a  sub-m-group  of  A.  If 
the  associated  subgroup  of  S  in  the  containing  group  G  of 
A  is  invariant  in  G,  then  S  is  called  semi-invariant. 

Proposition  1.31:   Every  invariant  sub-m-group  is 
semi-invariant . 

Proof .   Let  S  be  an  invariant  sub-m-group  of  A 

with  the  associated  subgroup  H  -  S     in  the  containing 

group  G^AijA   U-.-.UA     of  A.   Let  x  $  G  so  that 

X  =  aTa„.,.a.  for  some  i  <  m-1  and  a,,  a„,  ....  a,  G   K, 
12     1  =  l'2''i^ 

If  i  <  m-1,  then  there  are  a.,,  ....  a   ,  gA  such  that 
'  1+1 '     'm-1 

(a,,  a„,  ...,  a   , )  is  an  m-adic  identity.   Thus  x    = 
1 '   2      *   m-1  ^ 

a.,T  ....  a   ,  is  the  inverse  of  x  in  G.   S  is  invariant, 
1+1        m-1 

so  a   S  a.  ,  =  S.   Since  the  group  operation  gives  the  m- 

,  .    „    ^m-1    ,  i  „      m-lxm-1 
group  operation,  then  H=S     -(a,Sa.,)     = 

/  >  /„   m-1   ivm-2  ^,  ^  _ 

(a^  a2  ....  a^)(S  a.^^  a^)     S(a.^^  ....  a^_^)  - 

X    s"^"      x~      =   X   H   X       .       If    i    ^  m-1,    then    there    exist 

^m'     •••'    ^2m-2    ^   ^   ^^^^    ^^^^    ^^''T^'    ""m+l'     •'•'    ^2m-2^    ^^ 
an   m-adic    identity    and    hence    also 
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(a^    _2 »    [a^].    s    ^    ,     •••,    ^2    -2^'      N°te   also   that   then 


m-1 


([a_      „a,       ],    a    ,     ....    a„       .)    and    (a    ,     ...i    a  , 

^ '■    2m-2    I'm'  '       2m-j  m'  '       2m-3' 


m-1 


[a„       -,    a,        1)    are    also   m-adic    identities 
2m-2       1 


Then 


-i  _  , 

X  -  a^  a^  ...  a^_^,  x    -  a^  a^^^ a2j^_2  and 

^m-1    ,  m-1,^   2m-2..m-l    ,  . 

H  =  S     =  (a^   (S  a^    ))     ^  (a^  a^  ....  a^_^) • 

,„      2m-3,        m-Lvvm-2  ^  ,  .      „m-L   -1 

(S  a     (a„   „  a,   ))     S  (a   ....  a„   „)  =  x  S     x 

m      2m-2   1    '         m        2m -2  = 

x  H  x   .   Thus  in  both  cases  H  is  invariant  in  G. 

Proposition  1.32:   A  sub-m-group  S  of  an  m-group 
A  is  semi-invariant  iff  [a  s"^~  ]  =  [s"^"   a]  for  all  a  €  A. 

Proof.   Suppose  [a  S    ]  =  [s     a]  for  all  a  6  A. 

Let  H  =  S    be  the  associated  subgroup  of  S  and  G  the 

containing  group  of  A.   Thus  in  G  we  have  a  H  a    =  H. 

Since  a  g  A,  then  a    =  (a„,  a  ,  ...,  a  _^)    such  that 

(a,  a„,  ....  a  ^)    is  an  m-adic  identity.   Since  G  is 
'   2 '        m-1  ^ 

generated  by  A,  then  H  is  normal  in  G  and  the  result  fol- 
lows . 

Theorem  1.33:   If  S  is  a  semi-invariant  sub-m-group 
of  A,  A/S  exists  and  is  an  m-group. 

Proof.   Let  H  be  the  associated  subgroup  of  S  and  G 
the  containing  group  of  A.   First  note  that  A  =  Lj[yly€xH}. 
Consider  the  set  [xH|x€A].   Since  H  is  normal  in  G,  if 
x^    ft   x^,    either  x^H  ^  X2H  or  they  are  disjoint.   An  m-ary 
operation  may  now  be  defined  on  the  set  {xHlx^A}  by  defin- 
ing (x^H  X2H  ...  x^H)  =  [x'J^Jh.   This  operation  is  associ- 
ative for  ((x^H  ...  x^H)x^^^H  ...  X2^_^H)  = 
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=    (XjII    ...    x^H(x,^^H    ...    x.^^Hjy-.^^^^H    ...    X2^_^H).       Next, 

it    is    necessary    to    show   that    for   any    x^A    there    exists    a$A 

such    that    for    x    ,    x^,     ...,    2<^€A,     (x^H    ...    x^H   a    H   x^^^^H    ... 

X   H)    =  xH   or    I x,    a    x. , , JH    =   xH.       Since    A    is    an   m-group, 
m  1  1  +  L 

this    can    clearly   be    done.      The    set    {xHJx^A]    is   A/S . 

As    opposed    to   a    2 -group,    a    congruence    relation    on    an 
m-group   need    not   determine    a    sub-m -group.      Consider    the    con- 
gruence   relation    of   equality.       This   will    determine    a    sub-m- 
group    if    and    only    if    the    m-group   has    an    idempotent.       The 
problem  will    now   be    formalized    and    a    set   of   necessary    and 
sufficient    conditions    given    for   a    congruence    relation    to 
determine    a    sub-m -group. 

Definition  1.34:  A  re  la tion  R  on  A  is  a  subset  of 
A    X    A. 

Definition  1.35:  The  domain  n , (R)  of  a  relation  R 
on  A  is  the  set  n^ (R)  -  (x:  (x,y)  6  R  for  some  y  €  A]  and 
its    range    is    the    set   n-jCR)    =    [y:     (x,y)    6   R    for   some   x   €  A]  . 

Notation    1.36:       If   U    is    a    subset    of   A,    denote 
RU   =  n^(R   n    (A    X   U) ) 
UR    =   n2(R   n    (U    X    A)) . 

Definition    1.37:       A    congruence    relation    R   on   an  m- 

group   A    is    a    relation   which    is    reflexive,    s  ^joiune  t  r  i  c ,    and 

transitive,    and    such    that    if    (x,,y,)    £    R,     ....     (x    ,y    )    f    R 

l-'l  m-'nr 

then    ([x^j.fy'J])    €   R. 
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Theorem    1.38:      Let   R  be    a    congruence    relation   on   an 
m -group  A.      Then   R*    =    (A    x   A)    y    {{x,y)  IxjygA''"    for    some    i    =   2, 
. . . ,    m    such    that   x    =  e...e._.x',    y    -  e-..e._y'    implies 
(x',y')    €   R]    is    a    congruence    in    the    covering   group  of  A. 

Proof,  Let  (e,,  e^,  .  .  .  ,  e  _,  )  be  an  m-adic  identity 
of  A.  Note  that  each  x  €  G  is  either  an  element  of  A  or  can 
be    uniquely  written    in   the    form 

J^       ~~"   ti  ^  C  f^  •  •  •  ti  •  i\. 

tor   some  x'  £  A  and  i  -  1,  2,  ...,  m-2 .   For  each  x,  y  £  G 
define  (x,y)  6  R*  if  and  only  if  either  x,  y  €  A  or 
X,  y  €  A   for  some  i  =  2,  ...,  m-1  such  that  x  =  e  ep...e._,x 
and  y  =  e,ep...e.   y'  with  (x ' ,  y')  ^  R.   Reflexivity,  sym- 
metry, and  transitivity  of  the  relation  R*  are  clear.   Sup- 
pose (x  ,  y  )  €  R*  (t  =  1,  2)  so  that  either  x, ,  y,  g  A  or 

^1  ^  ^1^2  • ' '^i-i^i.'  ^1  ""  ^1^2  •  • '^i-i^i  ^^^^  ^^i'  yp  ^  ^ 

and  either  x„  ,  y-j  6  A  or  Xp  =  e ,  e^ .  .  .e  .  _,X2 ,  yp  = 

e^e^.-.e  _  y'  with  (x'   y')  €  R-   Obviously,  x  X2 1  Y-iYo  ^  ^ 

for  some  k  =  1,  2,  ...,  m-1.   Thus  it  suffices  to  consider 

the  case  when  k  is  greater  than  1.   Let  x,Xt  -   e^e^...e,     iX' 

^  12     12     k-1 

and  YiYp  -  ^1^2  * ' *^k -T ^ ' '   ^^  shall  show  (x ' ,  y')  €  R.   Ob- 
serve 

,    r  m-1  k-1  ,n    r  m-1     t    r  m-1  i-1  ,  n-l  ,  1 
x'  =  [e^^   e^   x'J  =  Le^^   x^X2J  =  Le^^   e^   x|e^   x^  J 

-,   ,     r  m-1  k-1  ,1    r  m-1     T    r  m-1  i-1  ,  j-1  ,, 
and  y'  =  [e^   e^   y'J  =  [e^   ^1^2  •'  "  ^^k   ^1   ^1®!  ^  2^  • 

Since    (xj^,    y^    e   R,     (X2,    yp    €   R  and   R   contains    the    diagonal 
of   R.    then    ([ej^-^e^-^x^ej-^x-],     [^l~^^\~\ [^l~\ 2^)    €   R. 


Whence    (x',    y')    g    R;    and    (x^X2,    Y2^Y2)    €    R*  •       Lastly, 
also   show   that    (x,    y)    e   R*    implies    (x~    ,    y~   )    6   R* . 


we 
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Suppose  (x,  y)  ^  R*  so  that  either  x,  y  $  A  or 

X,  -   e,...e._,x'  and  y  =  e,...e._,y'  with  (x '  ,  y')  €  R.   We 

shall  consider  two  cases.   In  case  i  =  m-2 ,  so  that 

X  =  e,e„...e   ^x  *  and  y  -  e^e^.-.e   -,y  '  with  (x ',  y')  £  R, 
1  z     m-j        -^     L    Z  m-j-^ 

then   x~      =  x'    €   A  and   y~      =  y'    €   A.      Thus 

,  r      m-1       ,  T  r   r      ITl  - 1       ,   i      m-3       ,        ,   i 

x'    =    [e,      x'J    =    LLe,       x'Je,       V    V    J 
o  1        o  1        ol      ■^■'o 

,  r      m-1      ,1  r      m-Ir       ,     m-3       ,       ,11 

^o   ^    ^^1      ^o^    =    ^^1       f^o^l      ^^o^^- 

since    (x ' ,    y')    g    R   and    R    contains    the    diagonal   of   A,    then 

.r    m-1     ,    m-3     ,     ,1       r    ^~^    >    ii^~3     ,     ,i\     ^    „         ,,,  ,    -I         -1» 

(Le^      x^e^      ^   Y^i,     Le^      x^e^      Y   Y^ J )    €    R.      Whence    (x       ,    y       ) 

=    (x',    y')    6   R-      Otherwise,    in    case    i    /   m-2,    let   x        = 

e,e~...e  -x '    and    y         =  e,e^...e  oV ' •      As    in    the    pre- 

1    2  m-i-2    o  ^  12  m-i-2-'o  '^ 

vioas  case,  from  the  fact  that 

,r    m-1        m-i-2     ,    i-1    ,    m-i-2     ,  ■,       r    m-1        ra-i-2     ,    i-1    ,    m-i-2     , -,  . 
(Le       •     iS,  ye,      X  e,  x'J,     [e       .    ,e-  ye,       ye,  x'J) 

^  ■•    m-i-1    1  -'o   1  1  o  m-i-1    1  -'o   1      -^      1  o 

6   R   and 


m- 


_    r    m-1        m-i-2r     ,    i-1     ,    m-i-2     .  ■,  ■, 

~    ^^m-i-1^1  f^o^i      y^i  ^c!)^l.    it    follows    that 

(x^,    y^)    e   R  and    hence    (x~^,    y"^)    €   R* . 

Since  e^...ej^_j^  is  the  identity  in  G  and  R*  i 


s  a 


congruence  in  the  group  G,  then  e,eT...e   , R*  is  a  normal 

1  z  m-1 

subgroup  of  G.   Observe  also  that  e,e„..,e   , R*  = 

1  2     m-1 

(e,e„. 


.e 


1  2--  -^m 


i-2)-^^m-l^^-  ^^    ^  e  ^^1^2---^m-2^'(%-l^)  ^° 


that  X  =  ^i®2*  •  •^m-2^'  ^^^^^  (^ '  »  ^ra-1^  ^  ^'  ^^®" 

(x,  e^e2...e^_^)  e  R* ,   Thus,  the  right  side  of  the  above 

equality  is  contained  in  the  left.   If  (x,  e,e^...e   J  €  R* , 

'   12     m-1'      ' 
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then  X  =  e,e^...e  _.pX '  for  some  x'  $  A  with  (x '  ,  e  _-,  )  6  R 

and  hence  also  x  €  (e,e-...e   „)'(e  .R) .      The  above  equal- 

12  m-2'         m-1  ^ 

ity    is    thus   demonstrated. 

Theorem    1.39:       Let    R   be    a    congruence    relation    on   an 

m -group  A.       The    congruence    class    e       ,R   of   R    is    a    sub-in- 

3 ci.  3 m-1      

group   of  A   if   and   only    if    there   are   elements   e , ,    e„ ,     . . . , 

e      „    6   e      ,R   such    that    (e,,    e^,     ....    e      ,)    is   an   m-adic 
m-2  m-1      1'       2'  '      m-1      

identity  . 

Proof.   If  e   , R  is  a  sub-m-group  of  A,  then  obvious- 

m-1  ^         ^  ' 

ly    it   contains   elements   e,,    e^,     .  .  .  ,    e    _2    such    that    (e-,,    e^t 

....    e      ,)    is    an  m-adic    identity. 
'      m-1  ^ 

Conversely,    suppose   e    _,R   contains   elements   e,,    e^, 

....    e      „    such   that    (e,,    e^,     ...,    e      , )    is    an  m-adic   identi- 
'      m-2  *    1'       2'  '      m-1 

ty .      By    the    preceding   theorem,    R   and    (e,,    q^,     ...,    e    _, ) 

determine    a    congruence    relation   R*    on    the    covering   group 

G   of   A  whose    congruence    class    of    the    identity   e,e„...e       ^ R* 

■^   1  2     m-1 

=  (e,e2  .  . -e   2)  •  (^m.-i  R)  =  N  is  a  normal  subgroup  of  G.   We 

shall  show  that  e   ,R  =  (e   ,e,...e   o)-(e   iR)  =  e   ,N  is 

m-1  m-1    1  m-2'     ^    m-1    '  m-1 

a    sub-m-group    of   A.       It    is    clearly    a    subset    of   A.       The 

closure    of  e      ,R   =  e      ,N    is   also   clear,    for,    if   x.    f   e      ,R 
m-1  m-1  '  '  1  m-1 

for    i   =    1,    2,     ....    m,    so   that    (x . ,    e       , )    G   R,    then 
>       t  SI  ^1'       m-1'  ' 

{[x^],     i^  (^n^.i)"^])    €   R.      Since   also    (e^,    e    _^)    g   R    (i    =    1, 
2,     ...,    m-lj,    then    (e^.j.,  [  (e^_^)"'] )    =    ([^^'^.J, 
[(e^_^)     ])    €    R.      Hence    ([x"'],    e    _    )    €    R   and    therefore 

[x, ]    e   e       ,R.      Finally,     let   x, ,    x„ ,     ...,    x      .     €   e       .R   = 

i  m-1  -^  '  1'       2'  '      m-1  m-1 


®m-l^'      '^^®"  ^i   "  ®m-l"i    ^^   "    ^'    •••'    ^"^^    ^^^ 
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[ (e   ,n,)(e   -n„)...(e   ,n   , ) (e   ,N)]  =  e   ,n.e   . n„ . . . 
m-i  L    m-i  2       m-1  m-I    ra-L        m-i  1  m-I  2 

e   ,n   ,e   ,N  =  [(e   ,)  ]n'n'...n'  ,N  for  some  n"   n ' ,  .... 
ra-1  m-1  m-1        m-1     1  2     m-1  1'   2'     ' 

n'  T  €  N.   From  the  steps  above  recall  (e   i •  [ (e   i)  ])  €  R 
m-1  "^  ^  m-1'   *■  m-1   ■' '  ^ 

or  [  (e   i)  ]  €  e   ,R  =  e   -,N  so  that  [  (e   ,)  ]  =  e   ,n  for 

'■  ^  m-1   •'     m-1      m-1  ^  m-1   ■"     m-1 

some  n  €  N.   Hence  t^]_^2  '  ' '^m-l  ^^m-1^^ -^  ^    '"  ^^m-l"l^  ^^m-i"2  ^ 

...(e   ,n   J  (e   ,N)]  =  [  (e   ,  )"^]n ,' n  "  .  .n  '   ,N  = 

m-1  m-1    m-1  m-1   ■*  1  2      m-1 

e   ,(nn'n^...n'  ,N)  -  e   ,N.   In  an  analogous  manner 
m-112     m-1       m-1  ^ 

[ (e   ,N)x,x„...x   ,1  =  e   ,N.   This  completes  the  proof 

m-1         1    2  m-1  m-1  ^  '^ 

that   e       ,N    =  e       ,  R    is    a    sub-m-group    of    A. 
m-1  m-1  ^         "^ 

Corollary    1.40:       If    R    is    a    congruence    relation    on    an 
m -group  A  with    idempotent   e ,    then   eR    is    a    sub-m-group   of   A. 

Proof.       The    proof    follows    immediately    from    1.38. 

Under    certain    circumstances    it  may   be    possible    to 
reduce,    say,    a    5 -group    to   a    3 -group    immediately   by    re- 
defining  the    operation.      E.    L.    Post    [l5]    summarized    this 
possibility    in    the    following.      Similar   work   has    also   been 
done    by   Hosszu    [9]. 

Definition    1.41:      An    n-1    tuple    (a,,    a^,     ...,    a    _-,) 
will    be    said    to    be    commutative   with   an   element   x    if   and 
only    if 

(x,    a^,    a2,     •-.»    ^n-1  1'    ^2'     "'•'    ^n-1'    ^ 

Proposition    1.42:      An  m-group    is    reducible    to    an    n- 
qroup.    m   -  k(n-l)    +    1,    k   a    positive    integer,    if   and    only 
if    there   exists    an   n-1   tuple    (a,,    a^,     ...,    a    _, )    which    com- 
mutes  with   every   element   of   the   m-group   and    such   that 

1'    ^2'     •••»    ^n-1'    ^1'    ^2'     '"''    ^n-1'     '"''    ^i'    ^2'     ''"'    ^n-1 
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with  the  n-1  tuple  (a,,  a„,  ...,  a   ,)  repeated  k  times,  is 

an  m-adic  identity. 

The  n-adic  operation  may  be  defined  as  (x, ...x  )  = 

in 

[x,...x  a,   ...  a,   ]  where  the  right-hand  side  of  the 

above  equation  is  the  ordinary  m-group  operation,  and  a, 

occurs  k-L  times.   (k-1)  (n-L)+n  =  kn-n+L-k+n  =  kn-k+L  = 

k(n-L)+l  so  the  operation  is  properly  defined. 

Proof.   If  there  exists  an  n-1  tuple  (a,,  a_,  ..., 

a  _, )  satisfying  the  stated  properties,  Condition  2  of 

Theorem  1.26  is  iinniediately  satisfied  since  the  m-group 

has  this  property.   Furthermore,  the  operation  is  associa- 

.  .    £    //  n.   2n-lx    r/  n.       2n-l   n-1     n-li 
tive  for  ((x^)  x^^^  )  =  [  (x^)  x^^-^^   a-^^   ...a^   J  = 

r  r  n   n-1     n-l-i   2n-l   n-i    n-l-i  _  r   r  n  +  1   n-1     n-l-i 
1  ^1   •••S-|   J  ^„^i   ^1    ...a,   J  -  [x,LX2    ^ ''        ...a    j 

2n-l   n-1     n-ln    ,   ,  n  +  i^   2n-l.  r  n-1 


J^       I  '-\    ^1     •  •  •  d 

n+z         i 


1   J  —  ^x,^Xp   /  ^p,_L.2  ^  ~  ...  —  L^i 

r  2n-l   n-1    n-ln   n-1     n-ln    ,  n-l,  2n-lv» 
'•^n    ^1   •••^1   J  ^1  "-^i      J  =  (>^2.   ^^n    '^  ' 

Next,  if  the  m-group  is  reducible  to  an  n-group,  the 
n-group  has  an  n-adic  identity.   (a,,  a„,  ...,  a  _, ,  a,,  a^ , 

...,  Sj^_-L»  ^j_)    ^2>    ^n-1'  •••'  ^1'  ^2'  •••'  ^n-1   ^  times 
will  then  be  an  m-adic  identity  and  that  (a,,  a„,  ...,  a  _,) 
commutes  with  every  element  of  A  is  clear  by  Proposition 
1.13  and  the  fact  that  A  reduces  to  an  n-group. 

Corollary  1,43:   Every  commutative  m-group  with  idem- 
potent  reduces  to  a  2 -group. 

Proof.   It  is  immediately  apparent  that  the  condi- 
tions of  the  preceding  theorem  are  satisfied. 

Example  1.5  is  an  example  of  an  m-group,  m  >  2,  that 
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does   not   reduce   to   a   2 -group  unless   hsO    (m-1)    since    comrau- 
tativity   implies   that   there  must  exist   an    integer  n   such 
that    (n,    n,    ...,    n)    is   an  ra-adic   identity,    i.e.,    (m-l)n+x+h 
=  X  or  n   =   -h/(m-l)    which  is    integral   only   if  hsO    (m-1) . 

Observe    that    if  h   =    -n(m-l)    so   that    [x, ]    = 
2T   ,x.-n(m-l)    and  n   is    idempotent,    then    (Z,    +)    =    (Z,    ©) 
where   x0y=x+y+  n(m-2)    -  n(m-l)    =  x+y-n. 

The    requirftfd    isomorphism   is    given  by   the   bijection    f:Z — ^Z 
with    f(x)    =  x+n.      f(x+y)    =  x+y+n    =    (x+n)    +    (y+n)     -   n    = 
f (x)    ®   f (y)  . 

We    next    state    and    prove    several   elementary    proper- 
ties   of   m-groups   which  will   be   needed    in    the    sequel. 

Theorem    1.44:       Let   F   be    an    indexing   set   and    suppose 

that    for    each   a    6    T    there    exists    an    m-qroup    A    .      Then: 
. — — d i_      a  ■  ■ 

(i)      With    coordinate -wise   multiplication,    the 

product    P    ^^A      =  A,     is    an  m-qroup. 

aSr  a 

(ii)       If    A   is    an   indexing   set   and    for    some   a    €   r 
fs    It    €    Al    is    a    collection   of    sub-m-groups    of   A     with   a 

n 

non-empty  intersection,  S  =   j.  S   is  a  sub-m-group  of  A  . 

(iii)   If  f:A — ■"•'A  is  a  homomorphism,  f(A)  is  a 
sub-m-group  of  A. 

Proof.   (i)   Since  we  have  unique  solvability  and 
associativity  in  each  coordinate  and  the  operation  is  co- 
ordinate-wise, the  proof  is  clear. 

(ii)   Associativity  is  clear.   Hence,  let  s,, 
...s  ,  X  6  S.   Since  s  ,  • • -S  ,  x  6  S   for  each  t  €  A,  and 
each  S   is  a  sub-m-group.  there  exists  a   g  S   such  that 

T  T      T 


m 
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[s,    a   s.,,]  =x,  and  all  these  a   must  be  equal  by  the 
1     T   1+1  T 

unique  solvability  in  A  ,  a   =  a  £  S   for  all  t.   Hence 

a  S  S  and  S  is  a  sub-m-qroup  of  A  . 

^    ^     a 

(iii)   Associativity  is  clear.   Let  y,  y,,  . . .y 

f    f(A  ).   Hence  there  exists  x,  x,,  ....  x   g  A  with  f(x) 
^a  '1'     'm^a 

=  y  and  f(x.)  =  y.  i  =  1,  . . . ,  m.   There  exists  a  g  A   such 
that  [x,    a  X.  ,]  =  x  and  for  this  a,  f([x,    a  x.  ,])  = 

f(x)  or  [f (x^) .. .f (x^_^)f (a)f (x^^^). . .f (x^) ]  =  f(x).   So 

there  exists  b  -    f(a)  ^'f(A  )  such  that  [y,    t)  y .  ,  ]  =  y 

and  we  have  unique  solvability  in  f (A  ) .   Note  that  if  y, , 

m- 


...,  y   6  f(A  ),  [y-,]  €  f(A  )  for  in  the  notation  above, 
[y^]    =  [f(x^)...f(x^)]  =  f([x™])  €  f(A^). 


CHAPTER  II 


TOPOLOGICAL  m -GROUPS 


In  this  chapter  we  derive  some  of  the  properties  of 
topological  m-groups  and  quotient  m-groups. 

The  following  definition  is  due  to  F.  M.  Sioson. 

Definition  2.1;   A  topological  m-qroup  (A,  [],  t) 

is  an  m-qroup  (A,  [ ] )  together  with  a  topology  t  on_  A  under 

which  the  functions  f  and  g  defined  by  f(x, ,  x-,  ...,  x  ) 

=  [x^]  and  q{x^,    iz^,     ...,  ^^_2^    "^m-1'  ^^l}ere_(x^,  x^ ,  ..., 

X   , )  is  an  m-adic  identity,  are  continuous. 
m-1   '^ 

Proposition  2.2;   If  (A,  [],  t)  is  a  topological  m- 
group.  then  for  any  k  =  1,  2,  ...,  (A,  [],  t)  is  alpo  a 

topological  k(m-l)+l  group  (A,  (),  t)  when  we  define 

,  k(m-l)+l.  ^  rr  ..  r  m,  _i  k(m-l)+l     , 
^^1        '         ^^         ^^1^         J^(k-l)(m-l)+lJ- 

Proof.   The  proof  is  clear. 

Example  2.3:   Let  R  be  the  set  of  negative  real 
numbers  with  [ ] : (R  )  — >  R  defined  by  [xyz]  =  x-y«z,  the 
ordinary  product  of  x,  y,  and  z.   Let  the  topology  on  R 
be  the  usual  topology  t  on  R  restricted  to  R  .   (R  ,  [],  t) 
is  a  topological  3 -group. 

*i  v 
Examp le  2.4:   Let  S'  =  [z|z=e   ,   0<x<2tt). 

Define  []:(S')"' — >  S'  as  follows:   If  z,,  ....  z   €  S'  and 

i        in 
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1  _  _   ni 

1    -    '  • • • '  ^m 

T  is  the  usual  topology  on  S ' ,  then  (S*,  [],  t)  is  a  topo- 


z,=e    ,...,z„=e    ,  then  Lz-|j  =  e  ^  i      in  .   If 


logical  m -group. 

Example  2.5:  If  (G,  •,  t)  is  an  ordinary  topologi- 
cal group,  and  if  h  is  in  the  center  of  G,  (G,  [],  t)  will 
be  a  topological  m-group  if  [ ] :  G  — >  G  is  defined  as  [x, ] 

=  X, 'X^ • • 'X  'h. 

12    m 

Theorem  2.6:   The  function  h:  A  — >  A  defined  by 

T     1       TYl 

h(x)  =  [a,   xa .  , ]  is  a  homeomorphism  for  each  choice  of 

i  =  1 ,  • . . ,  m  and  elements  a , ,  ....  a   €  A  (where  by  con- 
' 1        m 

vention  [a-i  ~  xa .  ,  ]  is_  [xa„]  when  i  =  1  and  [a,   x]  when 
i  =  m)  . 

Proof.   The  function  h  is  the  restriction  of  the  map 
f  to  the  subset  {a^}x . . .x[a^_^}x  A  x  [a^^^}x . . .x(a^}  of 
A  X  A  X...X  A  (m  times)  and  hence  is  continuous.   Let  b,, 
bp ,  ...,  b  _,  €  A  such  that  (a^,  a^,  •••>  ^i_i»  ^i'  •••» 
^m-1^  and  (b^^,  h^,     ...,  'b^_-^,    ^^^i,     •••>  ^i^)  ^^^   ra-adic 
identities  and  define  k(x)  =  [b,   xb.   ].   As  before,  k  is 
continuous.   Note  however,  that  hk  =  identity  =  kh.   Thus 
h  and  k  are  inverses  of  each  other  and  are  both  bijective. 
Whence,  h  is  a  homeomorphism. 

Corollary  2.7:   Every  topological  m-group  is  homo- 
genous . 

Proof.   If  a  and  b  are  any  two  elements  of  a  topo- 


logical m-group,  then  for  elements  a,,  ...,  a   in  the  m- 
group  such  that  [a,   aa .  , ]  =  b,  the  i 
is  a  homeomorphism  that  takes  a  to  b. 


group  such  that  [a,   aa .  , ]  =  b,  the  map  h(x)  =  [a,   xa.^,] 
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Proposition    2.8:      Let   A  be    a    topological  m-group 

and    let  A, ,    A„ ,     ...,    A      beany  m   subsets    of   A.      If  A.    is 
1'      2'  '      m   ^       —     1   — 

open   for    some    i,    then    [A,,    A-,     ...,    A    ]    is    open .      If   A^ , 

....   A     are    compact,    then    [A,  .  . .A    ]    is    compact. 

>   ra  '^ '  1    m   '^ 

Proof.   If  A.  is  open,  then  by  Theorem  2.6 
'■^l**^i-l  ^i  ^i+l"^m^  ^®  open,  and  [A-^'-A^]  = 
U([3l"Si_l  ^i  ^i+l"^m^l^i  ^  ^m^  ^^  open.   Since 

f:(x,,  ....  X  )  — >    [x, ]  is  continuous,  if  each  A.  is  com- 
1     '   m        l-*  '  1 

pact,  A,  X  A„  x.-'X  A   is  compact,  so  [a,A„...A  ]  being 
12         m        r-»       12     m       ^ 

the  continuous  image  of  a  compact  set  is  compact. 

Proposition  2.9:   Let  A  be  an  m-group  with  idempo- 
tent  e .   Then  for  any  neighborhood  U  of.  e  there  exists  a 
neighborhood  V  of.  e  such  that  [  v  ]  c  U. 

Proof.  Since  f:(e,...,e)  — >e  is  continuous  if  U 
is  any  neighborhood  of  e,  there  exists  U,  .  . .U  neighbor- 
hoods of  e  with  [u,...U  ]  c  U. 

m 

Let  V  =  n  U.  and  we  see  that  [V™]  c  U. 
i=l  ^ 

Proposition  2.10;   Let  A  be  a  topological  m-group 

with  S  a  sub-m-group  of  A .   Then  S  with  the  relative  topo- 
logy  is  a  topological  m-group. 

Proof.  The  mappings  f  and  g  in  Definition  2.1  are 
continuous  and  hence  the  restrictions  of  f  and  g  to  S  are 
continuous . 

Proposition  2.11:  Let  A  be  a  topological  m-group 
and  let  A  ,  A_ ,  ...,  A  be  subsets  of  A.   Then 
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(i)  [A^...A~]  C  [h^...A^]~ 
(ii)  (A~,  ...,  A~_^)~^  a   ((A^,  ...,  \_2^~^)~ 
(111)  [x^   ..A.  x.^^]  =  [x^    A.  x.^J  . 
Proof.   (i)  It  is  known  that  for  any  continuous 


function  f,  f(A)  c  f(A). 

(ii)  Same  as  (i) . 

(iii)  By  Theorem  2.5  f:x  — >    [x-.    x  x._j_,  ]  is  a 
home oraorph ism . 

Proposition  2.12;   If  H  is  a  sub-m -semigroup,  sub-^n- 
qroup.  or  semi-invariant  sub-nn-group  of  a  topological  m- 
qroup  A,  then  H  is.  respectively,  each  of  these. 

Proof.   Let  H  be  a  sub-m-semigroup  of  A.   Then 
[H™]  c  H  and  by  Proposition  2.11  (i)  [(h")"^]  c  [H™]~  c  h". 

Next,  let  H  be  a  sub-m -group  of  A.   Then,  as  in  the 
first  part  of  this  proof,  [n]      c  H  .   Since  (H,  H,  . . .  H) 
c  H,  by  Proposition  2.11  (ii)  (H  ,  H  ,  . . .  H  )    c 
((H,  H,  .  ..  H)~-^)~  c  H~. 

H  is  defined  to  be  an  invariant  sub^n-group  iff  for 

each  m-adic  identity  (e, ,  e^ ,  . . . ,  e   , ) , [e,  H  e . ^, ]  =  H 

•^1'   2 '     '   m-1  '   1    1  +  1 

and  by  Proposition  2.11(iii)  [e,  H~  «T7i]  =  [«!  H  ©j^^i] 

=  H  .   The  proof  is  similar  for  semi -invariant  sub-m-groups . 

Proposition  2.13:   A  sub-m-group  H  of  a  topological 
m -group  A  is  open  iff  its  interior  is  not  empty.   Every 
open  sub^n-group  is  closed. 

Proof.   Suppose  the  interior  is  not  empty  and  let 
e   ,  be  an  interior  point  of  H.   Then  there  exists  an  open 
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neighborhood  V  of  e   ,  with  V  c  H.   Let  e, ,  . .. ,  e   „ 
^  m-1  1'     '   ra-2 


be 


a  collection  of  ra-2  elements  from  H  such  that  (e, ,  ..., 

e   - )  is  an  ra-adic  identity.   (Such  a  collection  exists 
ra-l 

since  H  is  a  sub-sn-group. )   Hence  for  any  h  €  H, 
[h  e^""'"]  =  h,  so  [H^""*-  v]  =  H  and  by  Proposition  2.8,  H  is 
open.   By  Theorem  2.5,  [x,    H]  is  open  for  any  choice  of 
Xj_,  ...,  x^_^   €  A.   Hence,  U  {[x™""^  HJjh  4  [x^""""  H]  for 
any  h  €  H}  is  open  and  is  a\h.   Hence,  H  is  closed. 

Proposition  2.14:   A  sub -m -group  H  of  a  topological 
m -group  A  is  discrete  iff  it  has  an  isolated  point. 

Proof.   Suppose  H  has  an  isolated  point  x.   Then 
there  exists  an  open  set  U  c  A  such  that  U  PI  H  =  [x}.   Let 
y  6  H.   Since  H  is  a  sub-ra-group  of  A,  there  exists  x, ,  x^, 
...,  X   ,  €  H  such  that  [x,    x]  =  y.   Since  U  is  open 
about  X,  [x,    U]  is  open  about  y  by  Theorem  2.6.   Since 
u  n  H  =  {x},  {y}  €  [x™"-"-  U]  n  H.  If  y  /  y^  €  [x^~^  u]  n  H, 

m   1 

y   €  [x,    U]  which  implies  that  for  some  x   €  U,  y   = 

m   1 

[x,         x    ].      Now   X, ,    x^,     ...,    X      T    6   H,    y      €   H   and   H  being 
Id  1'      2'  '      m-1   ^      '    ■'o  ^ 

a    sub-^n-group   implies    that   x      €   H,    and   therefore,    that 
X      €  U   n   H.      But   x      5^   x  by   uniqueness    and    the    choice   of 
y      ?^   y-,,a    contradiction.      Hence,    [x,         u]    fl   H   =    [y]    and  H 
is   discrete.      The    converse    is    clear,    for   if   it   is   discrete, 
all  of   its   points   are    isolated. 

i;)efinition   2.15;      A   relation  R  on   a   topological 
space  A   is    lower   semicontinuous    iff  UR  is   open   for  every 
open   set  U   in_  A. 
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Definition  2.16:  A  relation  R  on  a  topological 
space  A  is  said  to  be  closed  iff  it  is  a  closed  subset 
of  A  X  A  under  its  product  topology. 

Definition  2.17;   A  relation  R  on  a  topological 
space  A  is  upper  (lower)  semiclosed  iff  xR  =  {x]R  (Rx  = 
R{x})  is  closed  for  every  choice  of  x  €  A. 

The  following  theorem  has  been  proved  for  general 
algebraic  systems  in  which  the  congruences  commute  by 
Mal'cev  [12,  p.  136].   It  can  be  shown  that  the  congru- 
ences in  an  m-group  commute  but  we  will  prove  the  theo- 
rem directly. 

Theorem  2 . 18 :   Any  congruence  R  of  a  topological 
m-group  A  is  lower  semicontinuous . 

Proof.   Let  U  be  any  open  subset  of  A  and  suppose 

UR  is  not  open;  that  is  to  say,  there  is  an  x  ^  UR  such 

that  for  any  neighborhood  V  of  x,  we  have  V  n  (a\uR)  ^  G. 

Since  x  €  UR,  then  there  is  a  y  €  U  such  that  (x,  y)  £  R. 

Let  X- ,  x_,  ....  X   ,  be  elements  in  A  such  that  (x,  x- ,  . 
2 '   3'     '   m-1  2 ' 

...,  x  _, )  is  an  m-adic  identity  so  that  [xx-   y]  €  U.   By 
the  continuity  of  the  m-ary  operation  on  A,  then  there 
exists  an  open  set  V  containing  x  such  that 

[vx^-^]  c  u. 

By  hypothesis,  since  UR  is  not  open,  then  there  is  a  v  6  V 
such  that  V  ^  UR.   Since  (x,y)  €  R,  (v,v)  6  R,  and  (x^,  x^) 

ml  ml 

€  R  for  all  i  =  2,  ...,  m-1,  then  ([vx-   y],  [vx2   x])  €  R. 
However,  (x2,  ...,  x   ,,  x),  being  a  cyclic  permutation  of 
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an  ra-adic   identity,    is   also  an  m-adic   identity   so  that 
([vXj      y],    v)    6   R.      Note    [vx2      y]    €  U   and  hence 
([vx2~'''y],    v)    €   R  n    (U   X   A).      This    implies    that 
TT2([vx2      y],    v)    =  V   6  UR|   which   is   a    contradiction.      There- 
fore,   UR  must  be   open. 

Definition   2.19;      Let    (A,    [],    t)    be   a   topological  m- 
qroup  and    let  R  be   an  equivalence    relation   on  A.      Define 
n:    A   — >    A/R  bY_  n(a)    =  aR   for   each   a    €  A.      n  will   be    called 
the   natural  map.      Let  SH  be   the   family   of   subsets   of  A/R 
defined  by  U   g  SI   iff  n~    (U)    is   open   in  A. 

Remark   2.20;       If   R   is   a    congruence    and  U    g   21    ,    then 
U  may  be  expressed   as    {xR|x   6   T   €   t}    for   if  U   €  21    ,    sat 
T  -  n      (U)  .      Conversely,    if   T  is   open   in  A,    n(T)    g   <ii   for 
n      (n(T))    =  TR  which   is   open   in  A   since   R  is    lower   semi- 
continuous  . 

Theorem  2.21:      The   family   of   sets   a   in  Definition 
2..  19   is   a   topology   for  A/R.      The  mapping  n   is    continuous 
and   91   is   the   strongest   topology  on  A/R  under  which  n   is 
continuous . 

Proof.      Let    [uR|a    €    '^\)\c\   "^x    ^    "^   ^®    ^"    arbitrary 

collection   of   sets    in   y.      Then      U    [aRJu    g   T    )    = 

X€A  ^ 

{uRJu   €      U      T    ]    6  9J  since      u      T      is   open    in   A.      If 
X€A     ^  X€A      ^ 

[uRIu    €   T.1.     ,    T.    €   T    is    a    finite    collection   of  members   of 

n  n 

21,      n    {uR|u  €   T  .  ]    =    [uR|u    €      n      T .  }   which   is    in   aJ    since 
i=l  e=l 

n 

n      is    open  in  A.      Hence   81    is    a    topology   on   A/R.       It    is 
i=l 
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clear  that  n  is  continuous.   Next,  let  3  be  another  topolo- 
gy on  A/R  such  that  21  c  n .   Let  F  €  H  be  an  3 -open  set 
which  is  not  21 -open  and  suppose  n  is  continuous  under  the 
topology  5.   Then  n   (F)  is  open  in  A,  so  suppose  n   (F)  = 
T  6  T.   Then  n(T)  is  an  element  of  21  by  the  remark,  so  n(T) 
is  21 -open  and  n(T)  =  n(n~  (F)  )  =  F,  i.e.,  F  is  8i-open,  a 
contradiction.   So  n  is  not  continuous  under  the  topology  0 
and  2J  is  the  strongest  topology  under  which  n  is  continuous, 

Proposition  2.22;   The  natural  mapping  of  A  onto  A/R 
is  open. 

Proof.   By  Remark  2.20,  if  T  is  open  in  A,  n(T)  is 
open  in  A/R. 

Proposition  2.23;   Let  A  be  a  topological  m-qroup 
with  congruence  relation  R  on  it.   If  aR  is  compact  for 
some  a  €  A,  xR  is  compact  for  all  x  €  A. 

Proof.   Let  x  €  A  and  choose  a,,  ...,  a  _,  6  A  such 
that  [a,    a]  =  X.   Observing  that  [a-i"   (aR)  ]  = 
{z|([a™~^  q],  z)  €  R  and  (q,a)  €  R}  =  {z|([a^"^  a],  z)  €  R} 
=  [a,    a]R  =  xR  we  see  that  xR  is  compact  by  Theorem  2.6 
being  the  continuous  image  of  a  compact  set. 

Proposition  2.24;  Let  A  be  a  topological  m-group 
with  a  congruence  relation  R  on_  A .  Then  A/R  is  discrete 
If  and  only  if  aR  is  open  in  A  for  some  a  g  A. 

Proof.   Suppose  aR  is  open  for  some  a  £  A.   For  any 

X  €  A,  let  a,,  ...,  a   ,  be  chosen  so  that  [a,    a]  =  x. 
1'     '   m-1  1 

m      1 

Then  [a.    (aR) ]  =  xR  which  is  open  by  Theorem  2.6.   Hence, 
if  aR  is  open  for  some  a  €  A,  xR  is  open  for  any  x  €  A. 
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By  Proposition  2.22,  (YR|y  €  xR}  =  xR  6  A/R  is  open.   Hence, 
if  xR  is  an  open  subset  of  A,  (xR]  is  open  as  an  element 
of  A/R,  so  A/R  is  discrete.   If  A/R  is  discrete,  [aR]  is 
open  in  A/R,  so  n   [aR}  =  aR  is  open  in  A. 

Proposition  2.25:   If  an  equivalence  relation  R  qh 
a_  T  topolocfical  space  A  is  closed,  then  A/R  is  a  T,  topo- 
logical space  under  its  quotient  topology. 

Proof.   From  Wallace's  Algebraic  Topology  Notes  [26, 
Cor.  3,  p.  8]  we  know  that  if  Y  is  compact,  then  the  pro- 
jection map  n:  A  X  Y  — >  Y  is  closed.   If  R  is  closed,  then 
R  n  (A  X  {y])  is  also  closed  for  any  y  €  A.   Hence, 
TT,(R  n  (A  X  {y}))  is  closed  and  A/R  is  T,. 

Theorem  2.26:   If  h:  A  — >  A  is  a  topological  (con- 
tinuous) homomorphism  between  two  topological  m-qroups  and 
A  is_  T  ,  then  the  congruence  relation  R  =  h*h   is  lower 
semicontinuous .  lower  and  upper  semiclosed.  and  closed. 

Proof.   Lower  semicontinuity  follows  by  a  previous 
theorem.   If  A  denotes  the  diagonal  relation  on  A,  then 
note  that  h'h~  =  (h  x  h)~   (a) •   A  being  T   implies  it  is 
in  fact  Tj  and  hence  f^    is  closed  in  A  X  A.   Hence,  h-h    is 
also  closed.   By  the  same  reasoning  as  in  the  proof  of  Pro- 
position 2.25,  Ry  =  TT-L((h  X  h)"-"-  (a)  0  (A  x  {y}))  and  yR  = 
TToCCh  X  h)    (a)  n  ({y}  X  A))  are  closed  for  each  y  €  A  and 
hence  R  is  both  lower  and  upper  semiclosed. 

Theorem  2.27:   If_  h:  A  — >  a  is  an  open  continuous 
epimorphism  of  T   topological  m-groups.  then  A/R  where  R  = 
h'h    is  iseomorphic  to  A  under  the  natural  mapping. 
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Proof.   The  algebraic  isomorphism  between  A/R  and  A 
follows  from  general  algebra.   A/R  and  A  possess  precisely 
the  same  open  sets  which  are  images  of  open  sets  in  A. 
Hence,  they  are  homeomorphic. 

Theorem  2.28:   Let  A  be  a  compact  (locally  compact) 
topological  m -group.   If  R  is  a  congruence  relation  on  A, 
then  A/R  is  compact  (locally  compact). 

Proof.   Since  n  is  continuous,  A/R  is  the  continuous 
image  of  a  compact  set  and  hence  compact.   Next,  let 
{xR}  t  A/R  and  let  U  be  an  open  neighborhood  of  x  in  A  such 
that  U  is  compact.   Then  n(U)  is  open  about  (xR}  in  A/R  and 
n(U)   is  compact  since  n  is  continuous  [8,  3.13]. 

Definition  2.29:   A.  topological  space  X  has  the  fixed 
point  property  if  and  only  if  for  each  continuous  map 
h:  X  — >  X  there  exists  x  6  X  such  that  h(x)  =  x. 

Theorem  2  .  30 :   Let  A  be  a  topological  m-group.   Then 
A  does  not  have  the  fixed  point  property. 

Proof.   Define  a  function  h:  A  — >   A  by  choosing 
X,,  ...,  x  _,  6  A  such  that  (x,,  ..,,  x  _,)  is  not  an  m-adic 
identity  and  letting  h(a)  =  [x,    a].   By  Corollary  2.7, 
h  is  continuous  and  suppose  h(a)  =  a  for  some  a  €  A.   Then 
[x,    a]  =  a,  so  by  Propositions  1.12  and  1.13,  (x,,  ..., 

X   , )  is  an  m-adic  identity  contradicting  the  choice  of 

m-1  -^  ^ 

VX,j      •••>     5^     _ "I  '  • 

Rema rk   2.31:       If  A    is   a    topological  m-group,    then  A 
is   not  homecflniorphic   to    [0,l]    X...X    [0,l]    =    [0,l]       for   any 
n,    nor    is   A   homeomorphic   to   the   Tychonoff    cube    since   both 
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have  the  fixed  point  property  [5,  p.  301]. 

Theorem  2.32:   Let  A  be  a  topological  m-group.  and 
for  some  x  €  A,  let  C  be  the  component  of  x.   Then,  if 
[x,    x]  =  Y,  [x,    c]  is  the  component  of  y. 

Proof.   Let  X  and  y  be  given  as  in  the  statement  of 

the  theorem  and  let  x, ,  . . . ,  x   ,  $  A  be  chosen  so  that 

1'     '   m-1 

[x,    x]  =  y.   Then  y  €  [x,    C]  and  [x,    C]  is  connected 

and  closed  by  Corollary  2.7.   [x,    c]  is  the  component  of 

y,  for  if  not,  let  K  be  the  component  of  y.   Then  [x,    C] 

c  K.   Let  X.  ,,  ...  X.    „  €  A  be  chosen  such  that  (x.  ,,  .. 
J.  1,1*       i,m-2  ^  1,1' 

X.   _- ,  X . )  is  an  m-adic  identity,  i  =  1,  ...,  m-1.   Then 

m-1,1    m-l,m-2     1,1     l,m-2   1  2     m-1        j 

[x   ,  , . . .X   ,    ^...x,  , . . .X,    o  K]  which  is  closed  and 
m-I,l    m-i,m-z     l,i     l,m-^ 

connected,  contradicting  the  assumption  that  C  is  the  com- 
ponent of  X. 


CHAPTER  III 
AN  EMBEDDING  THEOREM 

In  this  chapter  we  will  prove  the  topological  ver- 
sion of  the  Post  Coset  Theorem  by  showing  that  each  topo- 
logical m-group  can  be  considered  as  the  coset  of  a  normal 
(in  the  group  sense),  open,  and  closed  subgroup  of  an  ordi- 
nary topological  group.   Several  consequences  of  this  theo- 
rem will  also  be  exhibited. 

Proposition  3.1:   Let  (A,  [])  be  an  m-group  with 

A    as  its  associated  group  according  to  the  Post  Coset 

Theorem.   If  (e , ,  e^,  ...,  e  _, )  is  any  m-adic  identity  of 

A  so  that  e,,  e„,  ....  e   ,  €A,  then  for  each  x  6  A 
1'   2'     '   m-1     '  

and  any  fixed  index  i  =  1,  ...,  m-1,  there  exists  an  ele- 
ment a  €  A  such  that 

1     1-1   1  +  1     m-1 

Proof.   Since  x  6  A    ,  then  x  =  a,a2...a  _,  for 

some  a,,  a^, ,  ....  a   ,  €  A.   For  any  a   €  A,  there  exists, 
1    2'     '   m-1  -^   m     '  ' 

by  definition  of  an  m-group,  a  unique  a  ^  A  such  that 

[e,   ae . , , a  1  -  [a,].   Considered  in  the  containing  group 

1       1  +  1  ml  zi      -3  sr 

of  A,  the  equality  above  reduces  to  eT...e.  ,ae..,...e   ,a 
'       ^      -^  1     1-1   1  +  1     m-i  m 

=  a,a_...a   ^a   =xa  ,  and  hence.  e,...e.  ,ae.,,...e   -,  =x. 
1  2     m-1  mm'  *   1     i-l   i  +  l     m-1 
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Proposition    3.2;       Let    (e,,    e„,     •••.    e    _, )    be   an 

m-adic   identity   of   a    topological  m-group    (A,     [],    t)    with 

11  (e      ■,)    a    local   open   basis    at   e      ,.      Then  21  (e  ,e_  .  .  .e      ,)    = 

m-i m-i    1  Z  m-i 

fe,e_...e   „ul  U  6  21  (e   ,  )  ]  is  a  local  open  basis  of  the 
••  1  2     in-2  '         m-1  ^  '^ 

identity  e  =  e,e2...e  _-i  of  the  containing  group  of  A  under 
some  topology. 

Proof.   It  is  sufficient  to  show  closure  under  inter- 
section.  If  U,,  U_  €  2I(e   ,),  then  clearly  we  have 
1'   2      m-1  '  -^ 

e,e^...e   ^U,  n  e,e„...e   ^U^  =  e,e~...e   o(U,  0  U-,). 
12     m-2  1     12     m-2  2     12     m-2^1     2' 

Remarks .    Preparatory  to  the  demonstration  that 
Jj(e,e2...e  _,  )  defines  a  topology  that  converts  the  con- 
taining group  of  A  into  a  topological  group,  we  shall  prove 
a  series  of  Lemmata . 

Lemma  3.3:   Let  (e,,  e^,  ....  e   , )  be  an  m-adic 
*  1'   2'     '   m-1   

identity  of  a  topological  m-group  (A,  [],  t).   For  any 

i  =  1 ,  . . . ,  m -2  and  each  open  set  V  containing  e . ,  there 

exists  a  basis  element  U  f   8I(e   ,)  such  that  e-,e^...e   „U  c 
■ ^     m-1   1  2     m-2 

1     m-1   1  +  1     m-1 

Proof.   For  each  v  g  V  and  fixed  element  x,  €  A, 

there  exists,  by  definition  of  an  ra-group,  an  element  w  6  A 

such  that 

rm-2    1    ri-1   m-1  ^ 

*      1        TTl     1 

Define  two  functions  h  and  k  by  h(v)  =  [e.   ve.  ,iX,]  and 

k(w)  =  [e,   wx,  1  .   Let  (x,  ,  x„ ,  ....  x   -,  )  be  an  m-adic 
1     1  L        Z  m-i 

identity . 
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Then 

in-2         1         r    i-1      m-1 


W 


[w|     Le-|      wx,  J    =    [e,       ve.     ,x,J    for   some    v   ^   V]    = 

fir  r    i-1      m-I       1    ra-ln  ^  ,   „, 

[w      le      iLe,       ve.^,x,Jx„       J    =w   for    some    v    €   V |    = 
•■     I     ■•    m-1      1  1+1    l""    2       ■■  ^       ■> 

r  i~l,»  m-1  m-li  r  i,/,t\    m-ln         ,  -1,  /,,v 

^^m-1   ^1      ^^i  +  1^1   ^2       ^    =^    f^m-1^^^^^2       ^    =  '^      ^^^^ 

is  an  open  subset  of  A  containing  e   ,  since  both  h  and  k 
'■  -^   m-1 

are  homeomorphisms  by  Theorem  2.6. 

Since  Jl(e   ,  )  is  a  local  basis  at  e   ,,  then  there 

^   m-1  m-1' 

exists   aU€2J(e      ,)such   that   U  c  W.      Whence    [e,      Ve  .  ,  ,x,  1 

m-1  1     1+1  1 

[e,~  Wx,  ]  z>    [e,   Ux-j  ]  .   Considered  in  the  containing  group 

this  gives  e,  ..  .e  .  , Ve  .,-,..  .e   ,x-  3  e,  .  .  .e   oUx-,  and  hence 
^       1     1-1   1  +  1     m-1  1     1     m-2   1 

1     1-1   1+1    m-1     1    m-2 

Notation .   In  Lemmas  3.4  and  3.5  let  f  and  g  be  the 

functions  of  Definition  2.1. 

Lemma  3.4:   For  each  U  £  21  (e   ,  )  ,  there  exists  a 
^     m-1  '  

V  6  81  (e  _,  )  such  that  (e-je^.-.e  _2V)  (6,62 .  .  .e  _2^)  '^ 

1  2     m-2 

Proof.   Let  U  6  SI  (e  _,  )  and  define  a  function 
h:  A  X  A  — >  A  by  h(x,y)  =  [ xe ,   y].   Being  a  restriction 

of  the  continuous  function  fonA  x  fe,]  X...X  [e   ~]  xA, 

*■  1  •*        "■  m-2  -^ 

h  is  therefore  also  continuous.   h   (U)  is  thus  an  open 

subset  of  A  X  A.   Since  the  first  and  second  projection 

maps  TTi  and  rro  are  open  maps,  then  V  =  Ttih   (u)  fl  n^^   (U) 

is  also  open.   It  is  also  non-empty,  since  h(e  _i  »©  _-,)    - 

[e   .e,   ]  =  e   .  €  U  and  therefore  e   ,  (=  V.   We  now  claim 
m-1  1       m-1  m-1  " 

2 

(e,eT...e„  ~V)   c  e,eT...e   ^U;  for,  if  v,  ,  v-,  €  V,  then 
iz    m-2        L   z  m-2       '      L        z 
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h(v,,v^)    6  U   and  hence    (e,eT...e      ^v, ) (e ,e^ . . .e      ^v^)    = 

^1'2^  12           m-2    1'''12           m-2    2' 

e,e-...e      ~[v,e,  v- ]    =  e,e_...e      „h(v, ,    v„)    €   e,e„...e      „U, 

12            m-2'-ll  2-'            12           m-2         1'       2              12           m-2 


Lemma 


3.5:      For   each   U    6   8J(e       ,  )  ,    there    exists    a 

m-1    


V  6  8l(e   ,)  such  that  (e^e^.-.e   „V)    c  e,e^...e   ^U . 
m-1   1  2.  m-<i         1  z     m-2 

Proof.   By  definition  of  a  topological  m-group, 

g   (U)  is  open  in  A  X  A  X...x  A  (m-2  times).   Since 

U  €  2l(e   ,)  and  therefore  e   ,  €  U,  then  {e,,  e„,  ....  e   ^) 
m-1  m-1     '       ^  1'   2'     '   m-2 

e  g~  (U).   Thus,  there  exist  W^  $  2l(e-|^),  Yl^    SSlCe^),  ..., 


W 

m 


-1, 


T  €  8l(e   „)  such  that  W,  x  W^  X...X  W   t  c  g   (U).   Let 
-2    ***  m-2  1     2        m-2    ^ 

W  -   W,Wt...W   t.   Observe  that  W   c  U  in  the  containing 
1  2     m-2  ^ 

group.   Thus 

(W,e„...e   ,)    c  (We   ,)    =  e  ,W    =  e,e„...e   „U . 
1  2     m-1       ^   m-1       m-i        1  2     m-2 

By  Lemma  3.3,  there  exists  a  V  6  5J(e   ,)  such  that 
^  '  ■  m-1 

e,e_...e      „V  c  WTe„...e      , 
1    2  m-2  1   2  m-1 


(e,e^...e      ^V)         c  e,e^...e      ^U, 


and    therefore 

12  m-2  12  m-2 

Lemma    3.6:      For   each  U    ^  51  (e    _,  )    and   x    €   e,ep  .  .  .e    _-jU, 

III  "■  ^  X   ^        111  ^^ 

there  exists  a  V  f   SI(e   ,)  such  that  x(e-,e^...e   ^V)  c 

^   \  m-1   1  2     m-2 

1  2     m-2 

Proof.   Let  X  =  e,e„...e   ^u  for  u  6  U.   Define  the 

12     m-2 

function  h  such  that  h(v)  =  [ue  ~  v].   Since  this  is  a 
homeomorphism  by  Theorem  2.5,  then  h   (U)  =  W  is  an  open 


and  non-empty  subset  of  A.   Inasmuch  as  e  _,  €  W,  then 
there  is  an  element  V  6  2l(e  _,  )  contained  in  W.   Hence 

x(e,eT...e   ~V)  <z  x(e,e^...e   ^W)  =  (e^e^.-.e   ^u)  • 

12     m-2       ^12     m-2        12     m-2 
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(e.Br.  .  .  .e      tW)    =  e-e^.-.e      -,    ue ,      W   =  e   e^  .  .  .e      ^hCw)    = 

12  m-2 

Lemma    3.7:      For   each  U    €  2J  (e      ,  )    and   any   element   x 

m-I 

in  the  containing  group  of  A ,  there  exists  a  V  €  U (e  _, ) 

such  that  x(e,e^...e   tV)x   c  e,e-,...e   ,U. 
1  2     ra-2  1  2     m-1 

Proof.   Recall  that  the  containing  group  of  A  is 

given  by  A  U  A   U...U  A    .   We  consider  two  cases: 

Case  I.   Suppose  x  ^  A     so  that  x  =  a,ap...a.. 

Let  a.,,,  ...,a   ,  5Asuchthata.a^...a.a.,,...a   ,  is 
1+1'     '   m-1  1  2     X  1+1    m-1 

the  identity  element  in  the  containing  group.   Denote  x    = 

a  .  , ,  .  .  .a   ,  •   For  any  fixed  element  a  f   A,    let 
1+1    ra-1         ^  ' 

TT    r  I  r  if  m-2      -i  m-1  ?  ^  r  m-2,,  n^ 
W  =  [w]  La-^Lej^   ^^i  +  lJ^i+2^-'  ^  ^^l      ^^  H  • 

m   *? 

Since  [e,   Ua ]  is  an  open  subset  in  A  (in  fact  a  basis  ele- 
ment at  the  point  a  ^  A) ,  then,  being  the  inverse  under  a 

homeomorphism,  W  is  also  open.   Since  e   ,  €  W,  there  exists 

^  m-i 

a  V  6  31  (e   ,)  such  that  W  contains  V  and  hence 

r  ir  m-2,,     -|  m-1  t  _  r  ir  m-2,,     T  m-1  -,         r  m-2   i 
La^^Le^   ^^i+l-'^i+2^^    [aj.'-®!   ^^i  +  lJ^i  +  l^J  "  '■^1  ^^  ^ ' 

Thus,  after  simplication  in  the  containing  group  of  A,  we 

obtain  x(e,e„...e   ^V)x    =  (a  ,  .  .  .a  .  )  (e  ,  e,.  .  .  .e   nV)  • 
12     m-2         ^1     1^12     m-2 

iat..a.a   ,J  o  e,e,-^...e   ^^u* 
1  +  1     m-1      1  2     m-2 

Case  II.   Suppose  x  €  A     so  that  x  =  aTa_...a   , 

for  a,,  ...,  a   ,  6A.   Let  a  ,  . . . ,  a_   „  €  A  such  that 
1'     '   m-1  m'     '   2m-2 

([a.],  a  ,,,  ....  a-   „)  is  an  m-adic  identity  and  denote 
1  '   m+1'     '   2m-2  -^ 
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x~  =  a  a  ,,...a„   „.   For  any  fixed  element  a  g  A,  let 
m  m+i    -cm -2 

W  =  j:w|[[a^~^[e™~^wa^]]  a^^J'^a]  €  [e^'^Ua]}.   The  rest  of 
the  proof  proceeds  as  in  Case  I. 

Theorem  3.8:   Any  topological  m-qroup  is  the  coset 
of  a  topological  group  G  by  a  normal  subgroup  N  with  the 
property  that  G/N  is  a  finite  cyclic  and  discrete  topolo- 
gical group.   If  m  >  2  and  A  does  not  reduce  to  a  2 -group, 
then  G  is  disconnected. 

Proof.   Lemmas  3.4  to  3.7  showed  that  81  (e.e- .  .  .e   ,) 

1  2.  m-i 

is  an  open  basis  at  the  identity  of  the  containing  group  G 
of  A  which  converts  G  into  a  topological  group  [8,  4.5]  with 
basis 

[xU:  X  6  G,  U  €  ^^®1®2 *  * '^m-l^ ^  °^ 

{Ux:  X  6  G,  U  €  ?I  (e^e- .  .  .e   ,  )  }  . 
Since  A  in  the  containing  group  is  clopen,  then  each  coset 
of  G  by  N  is  also  clopen  (being  homeomorphs  of  A) .   If  m  >  2, 
then  G  is  disconnected  and  G/N  is  discrete  under  its  quo- 
tient topology. 

It  thus  remains  to  show  that  the  topology  defined  in 
G  by  91  (e,e2  . .  .e   ,  )  gives  rise  to  the  same  topology  on  A 
when  restricted  or  relativized.   By  homogeneity  of  A,  it 
suffices  to  consider  the  basis  at  any  point,  say  e   ,  €  A. 
If  U  is  any  basis  element  of  A  containing  e  _, ,  then  e^ 

e,e„...e   -U  is  a  basis  element  in  G  of  e  =  e,e„...e   ^e   ,. 
1  2     ra-2  1  2     m-2  m-1 

Hence,  e   ,(e,eT...e   ~U)  =  U  is  also  a  basis  element  of  G 
m-l   1  2     m-2 

at  e   1 .   Thus,  every  basis  element  of  A  at  e   ,  (and  hence 
m-l        '      ^  m-l 
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at  any  point)  results  from  a  basis  element  of  G.   This 

means  that  the  topology  induced  on  A  by  the  topology  in  G 

coincides  with  the  original  topology  on  A. 

Corollary  3.9:   AT  topological  m-group  is  always 
1 —  o 

completely  regular  and  hence  Hausdorff. 

Proof.  By  Theorem  3.8,  any  topological  m-group  A 
is  the  coset  of  a  topological  group  modulo  a  normal  sub- 
group N  which  is  homeomorphic  to  A.   Since  A  is  T^,  then 

N  is  T  and  hence  completely  regular.   Thus  A  is  also 
o 

completely  regular. 

Theorem  3.10;   Any  compa ct  T  topological  m-group  A 
is  homeomorphically  representable  as  an  m-group  of  m-adic 
home omorph isms . 

Proof.   Observe  that  the  topological  m-group  is  in 
fact  completely  regular  and  hence  Hausdorff  (Corollary  3.9), 

By  the  representation  theorem  for  algebraic  m- 

groups ,  the  given  m-group  A  is  isomorphic  to  a  sub-m-group 

of  the  m-group  of  m-adic  functions  FiS^.S^,     ....  S   ,)  on 
^    ^  ^    1'    2'  '      m-1 

the  sets  S.  =  A  x...x  A/s  (i  times).   Since  A  is  compact 
Hausdorff,  then  A  x...x  A  (i  times)  is  compact  Hausdorff 

and  hence  also  S.  under  its  natural  quotient  topology. 

m-1 
Thus   US.  is  also  compact  Hausdorff  under  its  sum  topology. 
i=l  ^ 

ra-1 
Any  bijective  continuous  function  on   J  S .  is  also 

i=l  ^ 

a  homeomorphism  and  thus  the  collection  of  all  such  func- 

m-1 
tions  H(  u  S.)  is  a  group  (of  homeomorphisms ) .   By  a  result 
i=l  ^ 
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ra-1  m-1 

of  Arens  [l,  p.  597],  since   U  S.  is  compact,  then  H(  u  S.) 

i^l  i=l 

is  a  topological  group  under  the  compact  open  topology  and 

the  operation  of  composition.   Since  F(S, .Sj i • . • i S  _, )  c 

m-1 
H(  U  S^),  then  for  any  f^,    f^,    ....  f^^   F(Sj^,  S2 ,  ...,  S^.^)  . 

the  functions 

and 

^1'   2'     '   m-2       ^  1   2    m-2       m-2   m-3     1 

are  continuous.   Thus  F(S,,  ...,  S  _, )  is  a  topological  m- 

group  under  the  compact  open  topology  (relativized) . 

Consider  now  the  regular  representation 

m-1 
h:  A  — >  F(Sj^,S2,  ...,  S^_^)    c  H(  U  S^) 

i=l 

defined  by  h(a)    =  L    .      The   following  Lemma  will  be   needed. 

a 

m-1      m-1  . 

Lemma  3.11:   The  function  k :   US. — >  U  A   =  G  such 

i-1  ^    i=l 

that  k( (a. .  a^,  ••.,  a.)/s)  =a,a„...a.  is  a  continuous 
open  map  onto  the  containing  group  G  of  the  topological  m- 
group  A . 

Proof.   Let  U  be  any  open  subset  in  G  such  that 
a^a_,..a.  €  U.   By  the  continuity  of  the  multiplication  in 
G,  then  there  exist  open  subsets  in  G,  a,  €  V  ,  a^  €  V^ , 
• • . I  a J  6  V.  such  that 

k(V-|^  X  V2  X...X  V^/s)  =  V^V2...V^  c  U. 
Thus,  h  is  continuous.   That  h  is  open  is  obvious. 
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Let  L   6  (C,  U)  or 
{(a,a,,  ...,  a.)/3|  for  some  i  =  1,  ...,  m-l  and 
(a,,  . . . ,  a . )/h  g  C}  c  U.   Applying  k  on  both  sides,  we 
have 

{aa,a_...a.|  for  some  i  =  1,  ...,  m-l  and 
(a^,  . . .,  a^)/a  €  C}  c  k(U) . 

By  Lemma  3.11  k(C)  is  compact  and  k(U)  is  open. 
Thus,  for  any  fixed  index  i  -  1,  ...,  m-1  and 
(a,,  ...,  a . ) /b  6  C,  by  the  continuity  of  the  multiplica- 
tion in  G,  there  exist  open  subsets 

^  ^^a,a,...a.'  ^1  ^  ^a/  ^2  ^  ^a  '  ••"  ^i  ^  ^a, 
1  2     1         1         2      ^         i 

such  that 

aa, ...a.  €  V^  _     ^  V     V^   c  k(U) . 


Thus, 


u        ,  ^     ^1       ^ 


a,,  •••,  3. .    €  C 


V,  . . .V,   o  k(C) . 
i 


By  compactness  of  k(C),  then  there  exists  a  finite  number 
of  i-tuples,  (a,,  ...,  a.),  •••>  (a-i  i  •••»  ^■)    such  that 


n 


U     '^  k^  k---V  j^  =5  k(C) 
k=l      a^   32  a. 


n 


Let  U   =     n     ^  V  V'**   v     which   is  non-empty   since    it   con- 
12  1 


tains   a.      Then 


n  n 


U      UV      i^V  ^...V  j^   =  U(    U   V  j^V  j^...V  ^)    c  k(U) 
k-1  a^^   32  a^  k=l   a^   a2  a. 
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and  hence 


n 


U   UXV,X...XV,/acU. 
=1      a,        a. 


This  means, 

n 
Ly(C)  c  Ly(  U  V  ^  X...X  V  j^  /  ■)  c  U, 
k=l  a,         a. 

in  other  words, 

h(U)  =  Ly  c  (C,  U). 

Whence  h  is  continuous  and  the  final  result  follows. 

Corollary  3.12:   Let  (A,  [],  t)  be  a  topological  m- 

group,  F  a  compact  subset  of  A,  and  U  an  open  subset  of  A 

containing  F.   Then  for  each  m-adic  identity  (e,,  ...,  e  _, ) 

of  A  there  exists  open  subsets  U, ,  . . . ,  U   ,  with  e .  €  U. , 
— j_ /       m-i  —  1    1 

i  =  1,  ...,  m-1  such  that  [fu^"-"-]  u  [u^~'''F]  c  U.   If  A  is 

locally  compact,  then  U, ,  . . . ,  U   ,  may  be  chosen  so  that 

([FU^"^]  U  [U^"^Fl)~  is  compact. 

Proof.   Let  G  be  the  containing  group  of  A .   By  a 

result  in  Hewitt  and  Ross  [8,  4.10]  for  topological  groups, 

for  F,  U  as  above  there  exists  an  open  set  V  containing 

the  identity  of  G  such  that  FV  U  VF  c  U.   Then  e  =  e, ...e   , 

i    m— 1 

6  V  and  by  the  continuity  of  the  operation  in  G  there  exist 

open  subsets  U, ,  ...,  U   ,  with  e.  gU.,  i=l,  ....  m-1 
^  1'     '   m-1       i    i'       '     ' 

such  that  U^...Uj^_^  c  V.   Thus  [FU^"''-]  U  [u^~'''F]  = 

(FU  . . .U    )  U  (U^ . . .U^  .F)  c  FV  U  VF  c  U. 
1    m— i      i    m-i 

If  A    is    locally   compact   so   that    its    containing   group 
is    locally    compact,    the    second   part   of    [8,    4.10]    states 
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that  V  may  be  chosen  so  that  (FV  U  VF)~  is  compact.   Hence, 
([Fu'?~  ]  U  [u"?^"  F])~  as  a  closed  subset  of  a  compact  space 
is  compact. 

Proposition  3.13:  Let  A,  and  A-  be  two  m -groups 
such  that  A,  is  iseomorphic  to  A^ .  Then  their  covering 
groups  G,  and  G2  are  iseomorphic. 

Proof.   Let  f:  A, — >  A-  be  an  iseomorphism  and  G,  = 
A^  U...U  a""-'-,  G2  =  A2  U...U  A2~"^. 

Define  g:  G, — >  G-  as  follows.  If  x  €  G,,  x  =  x,... 
X.  with  X-,  ..^.,  X.  e  A,  let  g(x)  =  f  (x,  )  .  .  .f  (x .  )  .  Then  if 
y  6  Gj^  and  y  =  y-^.-.y^  with  y^,  ...,  y^  g  A^,  we  have  g(xy) 
=  g(xj^.  .  .x^y^^. .  .y^)  =  f  (x^^)  .  .  .f  (x^)  f  (y^^)  .  .  .f  (y^)  =  g(x)g(y) 
so  g  is  a  homomorphisra.  Next,  suppose  g(x)  =  g(y).  Then 
f  (Xj^)  .  .  .f  (x^)  =  f  (y^)  .  .  .f  (y^)  so  i  =  k  and  if  z^^^^ 

^m  ^  ^1  ^®  ^^^®  [f  (x^)  .  .  .f  (x^)f  (z^^^)  .  .  .f  (Zj^)  ]  =  [f(y^)... 
f  (y^)f  (z^_^^)  .  .  .f  (z^)  1  and  f[x^z^^^]  =  tiy^z^^^]  .  f  is  bi- 
jective,  so  [x,z.  ,]  =  [y-iZ.,-,]  which  implies  that  x,  .  .  .x . 
=  y,...y.,  i.e.,  x  =  y  and  g  is  bijective. 

Now  let  U  be  an  open  neighborhood  of  e,  the  identi- 
ty of  G, .   Then  e,  =  x, . . .x   ,  with  (x, ,  . . . ,  x   , )  an  m- 
■^      1         11    m-1        1'     '   m-1 

adic  identity,  x.  €A,   i=l,  ...,  m-1.   U  can  be  expressed 

as  U  =  X, . . .X   T  U'  with  U'  open  in  A,  and  x   ,  6  U'. 
i    m-^  1      ra-1 

g(U)  =  g(Xj^...Xj^_2  U')  =  f  (x^)  .  .  .  f  (Xj^_2  )  f  (U  ' )  and  f(U')  is 
open  in  A2  so  f(x,)...f(x  _2)f(U')  =  g(U)  is  open  in  G2  and 
g  is  an  open  function.   In  a  similar  manner  it  can  be  shown 
that  g  is  continuous, so  g  is  an  iseomorphism. 
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Theorem  3.14;   If  a  topological  m-group  A  is  compact, 
locally  compact,  g-compact.  or  locally  countably  compact, 
then  its  containing  group  G  is,  respectively,  each  of  these. 

Proof.   Since  G  is  a  topological  group,  multipli- 
cation is  continuous,  compactness,  local  compactness,  and 
local  countable  compactness  are  clear.   Since  the  finite 
union  of  a  countable  number  of  sets  is  countable  and  there 
are  m-1  cosets  of  G,  F  compactness  is  clear. 

Proposition  3.15;   Let  A  be  a  topological  m-group 

and  let  A, .  A_ ,  ....  A   be  subsets  of  A.   If  A  is  T  and 
1'   2'     '   m  —   —  o  

[x^/,i]  =  [x, ]  for  any  permutation  p  and  any  choice  of 

X.  €  A.,  then  [x^/'fM  =  [x"?]  for  any  choice  of  x.  €  a7. 
i  ^   i'  p(l)       1 1    1 

Proof.   Let  e  be  the  identity  of  the  containing 
group  G  of  the  m-group  A.   Let 

H  =  {(a^^,  ...,  a^)  €  G  x...x  Gj  a^ .  .a^a^^  j  .  .a^^^^j 

=  fe}}. 

Since  A  is  T  ,  G  is  T  and  [e]  is  closed.   H  is  the  in- 
o'       o     •■  ■' 

verse  image  of  a  closed  set  under  a  continuous  function 

and  hence  is  closed  in  G  X...X  G.   Now  A  is  closed  as  a 

subset  of  G,  so  H  n  (A  X...X  A)  is  closed.   It  is  clear 

that  A,  X...X  A  c  H.   Hence  (A,  X...X  A  )~ cz  A~   X...X  A~  c  H, 
1        m  1        m     i        m 

Proposition  3.16;   If  A  is  a  T  topological  m-group 
and  H  is  an  abelian  sub-m -semigroup  or  sub-m -group  of  A, 
then  H  is  (respectively) . 

Proof.   By  Proposition  2.12  H   is  a  sub-m-semigroup 
or  sub-TO-group  if  H  is.   By  Proposition  3.15,  H~  is  abelian. 
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Lenuna  3.17:  Let  A  be  a  topological  m-group  with 
congruence  relation  R  on  it .  If  aR  is  compact  for  some 
a    €   R,    xR   is    compact    for   all  x   €  A. 

Proof:      Let   X   €  A   and   choose    a,,     ....    a      ,    €  A 

1'     '   m-1 

such  that  [a,   a]  =  x.   Then  [a,   (aR) ]  -   xR  is  compact 
since  by  Theorem  2.5  it  is  the  continuous  image  of  a  com- 
pa ct  set. 

Lemma  3 .  18  ;  Let  A^ ,  . . .A  be  a  collection  of  sets 
such  that  A, ,  . . .A  n  are  compact  and  A  is  closed.  Then 
[a,... A  ]  is  closed. 

Proof.   Since  in  a  group  the  product  of  compact  sets 
is  compact,  we  have  A. . . .A  _,  compact  in  the  containing 
group  so  [A,... A  ]  is  closed  in  A  [8,  4.4]. 

Theorem  3.19:   Let  A  be  a  topological  m-group  with 
a  congruence  relation  R  on  A.   I_f  A/R  and  aR  are  compact 
for  some  a  €  A,  then  A  is  compact. 

Proof.   By  Proposition  2.23,  since  aR  is  compact, 

xR  is  compact  for  any  x  g  A.   Let  e, ,  ...,  e  _,  ^  A   such 

that  (e,,  ....  e   , )  is  an  m-adic  identity.   As  shown  in 
1'     '   m-1  -^ 

Theorem  1.37,  N  =  eT..e  ^{e      ,R)  is  a  normal  subgroup  of 
'       1   m-2^  m-1  ^   ^ 

the  covering  group  G.  Since  G  is  a  topological  group, and 

e   ,R  is  compact,  N  is  compact.   We  next  show  that  G/N  is 

compact.   Since  A/R  is  compact  and  A/R  =  (xNJx  6  A], 

(xNJx  $  A]  is  compact.  Hence,  in  G,  y'{xN|x  €  A]  is  ccxn- 


pact  for  any  y  €  A  and  y-{xN|x  €  A]  =  {yxNJx  ^  A}  = 

2 
{zN|2  €  a  ].   Continuing  this  process,  we  see  that  i 

i  =  1,  ...,  m-1,  [xN|x  ^  a  }  is  compact  so 
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m-1         ^ 
G/N  =  U  {xN|x  6  a  }  being  a  finite  union  of  compact  sets 
i=l 

is  compact.   Thus  N  and  G/N  are  compact,  so  G  is  compact 
[8,  5.25].   A  being  a  closed  subset  of  G  is  also  compact. 

Theorem  3.20;   Let  A  be  a  locally  compact,  g-compact 
topological  m-crroup.   Let  f  be  a  continuous  homomorphism  of 
A  onto  a  locally  countably  compact  T  topological  m-qroup  A ' 
Then  f  is  an  open  mapping. 

Proof.   Let  G  be  the  covering  group  of  A  and  G'  of 
A'.   It  is  shown  in  the  proof  of  Proposition  3.13  that  f 
can  be  extended  to  a  continuous  open  homomorphism  f '  be- 
tween G  and  G'.   Since  A  is  locally  compact  and  a-compact, 
G  also  is.   Since  A'  is  locally  countably  compact  and  T  , 
so  is  G'.   Thus  f  is  an  open  mapping  from  G  onto  G' 
[8,  5.29].   Since  A  and  A'  are  open  subsets  of  G  and  G', 
respectively,  the  restriction  of  f '  to  A  (which  is  f)  is 
open. 


CHAPTER  IV 


THE  UNIVERSAL  COVERING  m -GROUP 


In  this  chapter  it  will  be  shown  that  each  arcwise 
connected,  locally  arcwise  connected,  and  locally  simply 
connected  topological  m-group  with  idempotent  has  an  arc- 
wise  connected,  locally  arcwise  connected  and  simply  con- 
nected universal  covering  m-group  [l4,  p.  232]. 

Definition  4,1;   A  regular,  T  ,  and  second  countable 
space  A  is  arcwise  connected  (locally  arcwise  connected)  if 
and  only  if  for  each  pair  a,  b  €  A  there  exists  a  continu- 
ous function  cp:  [0,l]  — >  A  such  that  cp(0)  =  a  and  cp(l)  =  b 
(for  each  a  ^  A  and  every  neighborhood  U  of  a  there  exists 
a  neighborhood  V  of  a  contained  in  U  such  that  for  all  x  €  V 
there  is  a  continuous  function  cp :  [0,l]  — >   U  such  that  fD(0) 
=  a  and  co(  1)  =  x)  . 

Definition  4.2:   A  space  A  is  simply  connected  (lo- 
cally simply  connected)  if  and  only  if  for  each  a  €  A  (for 
each  neighborhood  U  of  a  there  is  a  neighborhood  V  of  a 
contained  in  U)  such  that  for  any  continuous  function 
Cp:  [0,1]  — >  A  (cp:  [0,1]  — >  V)  such  that  p(0)  =  cp(l), 
then  cp  is  homotopic  to  0  in  A  (in  U). 

Lemma  4.3:   If  f:  [0,l]  — >   A  is  homotopic  to  zero 
and  cp:  [0,l]  — >  A  is  an  arbitrary  continuous  function. 
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then  a3*f  is  homotopic  to  cp,  where  cp*f  is  defined  as  fol- 

lows : 

rq3(2t)   for   0  <  t  <  ^ 
(cp*f)(t)  =  { 

l^f(2t-l)   for   %  ^  t  ^  1. 

Proof:   Note  f(0)  =  cp(I).   Then  the  homotopy  is 
effected  by  the  following  function: 


F(s,t)  =  < 


^p^rr^)    f°^   °  ^  t  ^  H^ 


f (0)       for  ^   2    ^   1  t  ^  ^ 


Theorem  4.4:   For  each  arcwiae  connected,  locally 
arcwise  connected,  and  locally  simply  connected  topological 
m-group  (A,  [...],  t)  with  an  idempotent  element  e.  there 
exists  an  arcwise  connected,  locally  arcwise  connected,  and 
simply  connected  universal  covering  m-qroup  (A,  [...],  T) 
which  is  locally  iseomorphic  to  (A,  [...],  t)  and  such  that 
if  9:  X  — >  A  is  the  covering  homomorphism.  then  S/9*  6    is 
iseomorphic  to  A. 

Proof:   Let  A  be  the  family  of  homotopy  classes  of 
continuous  functions  cp:  [0,l]  — >  A  such  that  cp(0)  =  e. 
The  homotopy  class  containing  cp  will  be  denoted  by  5- 

Consider  any  cp  €  5  €  A  with  cp(l)  =  p  €  A.   If  21  is 

an  open  basis  of  the  topology  t  on  A,  then  for  each  U  con- 
taining p  in  81,  let 

U  =  {tp*f|  f:  [0,1]  — ■>  U  such  that  f(0)  =  p} 

and  S  =  {Uj  U  €  JJ}.   It  is  easy  to  see  that  if  cp  is  re- 
placed by  any  i|i  €  iji  €  U,  then  U  and  ^   will  determine  ex- 
actly the  same  0  [14,  p.  221]. 
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(1)  8J  is  an  .open  basis  for  some  topology  t 
on  A. 

If  U,  V  €  5,  so  that  U,  V  €  ai,  then  U  n  V  6  fti .   It 
is  not  difficult  to  show  that  U  n  V  =  U  n  V. 

(2)  (A,  t)  is  a  T   topological  space. 
Consider  any  pair  ^,  ,  cp2  €  A  such  that  cp-,  ^  $2  *   ^^ 

cp^  €  cp^  (i  =  1,  2)  such  that  cp^(l)  =  p^^. 

If  p-  ^  Py,  then  since  A  is  T  there  exists  a  neigh- 
borhood U  of  p,  such  that  P2  i^  U .  In  this  case,  $,  €  0  but 
CP2    1^  U   and   hence   A   is   also   T    . 

If   p,    =   Pp ,    then    since   A    is    locally   simply    connected, 
there    is   a   neighborhood   U   of   p,    =   p-    such   that   every    con- 
tinuous   f:    [0,1]    — >   u  with   f(0)    =   f(l)    ==  P-,    is   homotopic 
to   zero.      If  U   -    [cp7*f|       ^-    [0,l]    — >   U  with    f(0)    =   p    }, 
then  5>2   i^  ^ ;    for,    if  cp2    €  U,    then   there    is   an   f:    [0,l]    — >  U 
with    f(0)    =   p-i    such   that  cp,*f    €   ^2'    "here 

f  cp,  (2t)       for    0  <   t   <   ^ 
(cp,*f)(t)    =     <^      ^ 

[f(2t-l)    for    ^  <    t  ^    1. 

Note:   cp^(l)  -  f(0)  =9^^    (cp^*f )  (1)  =  f(l)-   Thus 
f  is  homotopic  to  zero  and  ^,  =  (V),*f  =  cp2  >  which  is  a  con- 
tradiction. 

(3)  If  for  cp  •  6  cp-  £  A  (i  =  i,  ...,  m)  one  de- 
fines [m-j^cP2 •^m-'^^^  "^  [cpj^(t)cp2(t)  .  .  .cpj^(t)  ]  and  [5)2_5>2  •  •  •S'n,]  = 

[cp,cp2  •  .  .cp  ]  ,  then  (A,  [...],  t)  is  a  topological  m-group. 

Since  [cp-,_cp2  •  • -cprn^  ^°^  "  [cp^{0) -4:2  (  0)  .  .  .cp^(O)  ]  =  [e"^]  =e 
and  [cp-iCp2  •  •  "CP  1  is  a  continuous  function  on  [0,l]  to  A,  the 
above  operation  on  A  is  clearly  well  defined.   Associativity 
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follows  from  the  following  relations 
ml  2m-l" 


r[<K+l^]^t)  =  [[^Tj^^^^m+l^t)" -^211,-1^^0 
=  [[cp3_(t)cp2(t)...cp^(t)]cp^^^(t)...cp2„_^(t)] 

=  [cPi(t)...cp._,(t)[cp.(t)...cp.^^_^(t)] 


cpi+jj^(t)...cp2j^_j_(t)j  =  [cp^(t)  ...(p^_^(t) 
[cp.  (t)  .  .  •cPi+^_i(t)]cPi+^(t)  .  .  .V2m-1^^^ 

=  [cp,(t)...cp,_,(t)[cp^^-^](t)cp,^^(t)...cp2,_^(t)] 

r  i-lr  i+m-in  2m-l-i,.. 
=  _cp^   [q^i     JcPi^^  J(t) 


which  holds  for  each  i  -  2,  ...,  m.   For  each  cp .  €  cp . 

(i  =  1,  ...,  m-2)  ,  let  cp   ,:  [0,l]  — •>  A  be  the  function 

such  that  cp  _-i(t)  =  (cp,  (t)  ,  ...,  cp  _2(t))    for  each 

t  6  [0,l].   Since  [e  ]  =  e,  so  that  (e ,  ...,  e)  is  also  an 

m-adic  identity,  then  cp   ■,  (0)  =  e.   Define  ($■,  ,  ..-,  cp  _2) 

=  cp  _i  .   Then  for  each  cp, 

[cp^cp2-  .  •cPj^_]_cp]  =  cp. 
Thus  far,  we  have  shown  that  (S,  [...])  is  an  m-group. 
Next,  we  show  that  the  functions 
(cpj_,  ...,  ^^)    — ■>  t'5i---$m^ 


-1 


->  (cp^. 


) 


^m-2 

. . ,  m)  such  that 


(cpj^,  ...,  cpj^_2) 
are  continuous.   Let  cp-  €cp.  €A(i  =  l, 
cp.(l)  =  p.(i  =  1,  ...,  m)  .   Let  V  be  any  neighborhood  of 
LC0-j_cp2  .  .  .cpj^]  =  [cp,cp2---cp  ]  so  that  every  element  of  ^  is  of 
the  form  [cpnCPp-.-cp  ]*f  for  some  f:  [0,l]  — ">   A  such  that 


55 


f(0)  =  p  =  [P].P2---PnJ  =  [^Pi(l);52^^^---^m^^^^  =  [^iK^)  €  V, 
By  the  continuity  of  the  m-ary  operation  on  A,  there  exist 

neighborhoods  U.  containing  p.  (i=l,  ...,m)  such  that 

[UtU„ . . ,u  ]  c  V. 

12     m 

Then  [U,U^...U  ]  c  V,  for,  if  ij/ .  €  U.  (i  =  1,  .  .  .  ,  m)  ,  then 
12     m  '      11        '     »'' 

every  i(/ .  6  if  •  is  of  the  form  ij/  .  =  cp.*f.  (i  =  1,  .  .  .  ,  m)  for 
some  f  ^  :  [0,l]  — •>  U^  such  that  f.(0)  =  p..   Thus, 

q).  (2t)   for   0  <  t  <  i^ 


^^(t) 


f .  (2t-l)  for  t^  <  t  <  1 


Then 


[^^(t)^2(t)  ...Vj^(t)  ]  =  [cpj_(2t)^2'2t)  ...-4)^(2t)  ] 
=  [cp^](2t)  for  0  <  t  <  ^  and  [  ^  ^  ( t)  ^(2  ( t)  .  .  .  ^^^C  t)  ] 
=  Lfj^(2t-l)f2(2t-i)  ...f^(2t-l)  ]  =  [f^](2t-l)  for 
^  ^  t  ^  1. 

Since  f^(t)  €  U^,  then  [f^]:    [0,l]  — ■>  V.   Also,  if  [f^](0) 
=  [f^(0)f2(0)  ...f^(0)  ]  =  [p^p2...Pj^]  =  p  6  V,  then 

Next  consider  (cp,  ,  cp^ ,  .  .  .  ,  cp  y)         =  cp   •,  where 
cp^(l)  -  p^  (i  =  1,  ...,  m-2)  so  that  (p^,  P2 ,  ....  Pjn-2^~ 

=  p   T  ,   Let  V  be  a  neighborhood  of  rn   ,  with  cp   t  (1) 
^m-1  ^  ^m-1      ^m-1 

=  p  _-,  6  V.   By  the  continuity  of  the  inverse  operation  on 
A,  there  exist  neighborhoods  V.  of  p .  (i  =  1,  ...,  ra-2) 
such  that 

(V^  X  V2  X  .  .  .  X  V_ 
Again,  we  claim 


m-2 


)  ^  c  V. 


{W^    >^  ^2  X 


XV  „)  "■'■  C  V. 

m-2' 
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For,  if  (i^-j^,  ^2'     •••'  ^.2^  ^  ^i  ^  ^2    ^    '  "^   ^m-2  ^"*^ 
\li^  €  ijij^  (i  =  1,  ...,  m-2)  ,  then  '^  ^   =   cp.*f.(i  =  1,  ...,  m-2) 
for  some  f^:  [0,l]  — >  V^ .   If  f  _  :  [0,l]  — >  V  is  the 
continuous  function  such  that  f  _■,  (t)  =  (f,(t),  ..., 
f^_2(t))-\  then  f^_^(l)  =    (f^(l),  ...,  f^_2(l))-^^ 

=  p   1  €  V.   Whence 
^m-1 


-  i'Vi>    ^2'     "''    ^m-2^   *(£]_»  ^2'  •**■  ^m-2^ 


^m-1  m-1 

This  completes  the  proof  that  (A,  [...],  t)  is  a  topological 
m-group. 

(4)  (A,  t)  is  a  second  countable  space. 

(5)  The  covering  function  9:  A  — >  A  such  that 
0(cp)  =  cp(l)  =  p  is  an  open  continuous  map  which  is  locally 
a  homeomorphism . 

If  U  is  an  arbitrary  neighborhood  of  p,  then 
9(U)  c  U,  obviously,  so  that  9  is  continuous. 

Let  cp  6  A  and  U  be  a  neighborhood  of  cp  defined  by 
the  neighborhood  U  of  cp(l)  -   p.   By  local  arcwise  connected- 
ness there  exists  a  neighborhood  V  of  p  contained  in  U  such 
that  for  any  x  £  V  there  is  a  continuous  function  f:  [0,l] 
— >  U  such  that  f(0)  =  p  and  f(l)  =  x.   This  implies  that 
cp*f  €  U  and  9(cp*f)  =  (cp*f )  (1)  =  f  (2-1-1)  =  f(l)  =  x.   Whence 
V  c  9(U) ,  and  9  is  open. 
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Next,  let  cp  €  A  and  9(cp)  =  cp(I)  =  p  6  A.   Since  A  is 
locally  simply  connected,  there  is  a  neighborhood  U  of  p 
such  that  every  continuous  f:  [0,l]  — ■>  U  such  that  f(0)  = 
f(i)  =  p  is  homotopic  to  zero  in  A.   Q  is  one-to-one  on  U, 
for,  suppose  6('ifi)  =  Qi^y)    so  that  for  some  f.:  [0,l]  — >  U 
we  have  f.(0)  =  p(i  =  1,2),  and  cp*f,  €  ^  •,  and  cp*f2  ^  ^o* 
If  f;(t)  =  fj^d  -  t)  so  that  f2*f{:  [0,1]  — >  U  is  the  con- 
tinuous function  such  that 


(f2*fp(t)  = 
(f2*f{)(t)  = 


(2t)    for  0  ^  t  ^  ^ 


f^(2t-l)  for  ^  g  t  ^  1; 


then  (f2*f{)(0)  =  f2(0)  =  e  and  (f2*f{)(l)  =  f'(l)  =  f^(0) 
=  e.   This  means  then  that  fp*fi'  is  homotopic  to  zero  and 
therefore  cp*f,  is  homotopic  to  cp*fj  o^  ''1' -i  ~  I^t* 

Since  9  is  continuous,  one-to-one,  and  open  on  U  it 
follows  then  that  it  is  a  homeomorphism  on  U. 

By  virtue  of  this,  then 

(6)  (a,  t)  is  also  locally  arcwise  connected, 
locally  simply  connected,  and  regular. 

(7)  (A,  t)  is  moreover  arcwise  connected. 
Consider  any  cp  €  A  and  uj  €  A  where  uj  contains  the 

null  path.   By  homogenity  of  a  topological  m-group,  it  suf- 
fices to  show  that  iju  and  cp  are  connected  by  a  continuous 
path.   Let   cp  6  cp  and  cp  :  [0,l]  — >  A  be  the  continuous 
function  such  that  cp  (t)  =  q5(st)  .   For  any  fixed  s  g  [0,l], 
note  that  cp  (0)  =cp(0)  =e  and  cp  (1)  =cp(s)  =p  €A;  and 

hence  cp   €  A.   Define  now  $:  [0,l]  — >   A  such  that  $(s)  =  cp 
s  s 
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Then  $  is  continuous  [ 14 ,  p.  223].   Moreover,  ${0)  =  5n 
=  ID  and  $(1)  =  cp-|  =  cp.   Whence  A  is  arcwise  connected. 
(8)   (A,  t)  is  simply  connected. 

As  in  the  previous,  let  iju  €  A  be  the  horaotopy  class 
containing  the  null  path.   Consider  any  continuous  function 
f:  [0,1]  — ■>  A  such  that  $(0)  =ai  =  $(l).   Define  cp  such 
that  cp{t)  =  9(${t))  where  9  is  the  covering  map.   Define 
also  for  each  s  6  [0,l],  cp  :  [0,l]  — •>  A  such  that  cp  (t)  = 
cp(st)  .   Note  that  cp  also  depends  continuously  on  t  and 
cp„(0)  =  cp(0)  =  e($(0))  =  6(a))  =  e  so  that  5   6  A. 

Firstly,  observe  that  9($(s))  =  cp(s)  =  9(cp  )  for 
each  s  €  [ 0, l]  . 

We  wish  to  show  that  cp   =  $(s)  for  all  s  6  [0,l]. 
For  s  =  0,  the  equality  obviously  holds: 

Spp  =  cp(o)  =  :h  =   *(0)  . 

Let  U  be  a  neighborhood  of  cp^  =  $(0)  for  which  9  is  a  horaeo- 
morphism.   Since  both  cp"  and  $(s)  are  continuous  functions 
of  s  by  an  argument  used  in  (7),  then  for  some  k  sufficient- 
ly small  we  have 

^([0  k))  ^  ^   ^"^  $([0,k))  c  U. 
For  each  x  €  [0,k)  so  that  J  ,  $(x)  €  0,  then  since  e(cp  )  - 
9($(x))  and  6  is  one-to-one  on  U,  then  cp   =  $(x).   This 
shows  that  cp   =  $(s)  for  all  s  less  than  k  and  hence  by  the 
continuity  of  the  function  cp   and  f(s)  we  obtain 


cp,  =  limcp   =  lim  $(s)  -   $(k) 
s — ^k    s — >k 
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Repeating  the  process  now  for  k  instead  of  0,  we  should 
eventually  show  that  the  above  relation  holds  for  all 
s  g  [0,1],   For  s  =  1,  in  particular,  we  have 

cp  =  cp,  =  $(1)  =  $(0)  =  ID 
so  that  (p   is  homotopic  to  zero.   Suppose  that  this  homo- 
topy  is  effected  by  the  continuous  function  F:  [0,1]  x  [0,l] 
— >  A  so  that  F(0,t)  =  cp(t),  F(l,t)  =  cp(0)  =  e,  F(s,0)  = 
cp(0)  =  e,  F(s,l)  =  «p(l)  =  cp(0)  =  e. 

For  each  fixed  s  and  t,  define 

G(s,t)  :  [0,  1]  — •>  A 
to  be  the  function  such  that  G(s,t)(x)  =  F(s,  tx) .   Since 
F(s,  tx)  is  continuous  in  s,  t,  and  x,  then  G(s,t)  is  also 
continuous  in  s  and  t.   For  each  fixed  s  and  t,  note  also 
that 

G(s,t)  (0)  =  F(s,0)  =  cp(0)  =  e 

G(s,t) (1)  =  F(s,t)  =  p. 
Thus  for  each  s  and  t,  G(s,t)  g  A  and  G(s,t)  also  depends 
continuously  on  s  and  t.   The  following  relations  now  show 
that  G(s,t)  effects  the  homotopy  of  $  and  0: 

G(0,t)  (x)  =  F(0,tx)  =  5^)  or  G(0,t)  =  cp^  =  $(t) 

G(l,t)(x)  =  F(l,tx)  =  'cp(O)  =  i  or  G(l,t)  =  Zi 

G(s,0)(x)  =  F(s,0)  =  cp(0)  =  i  or  G(s,0)  =  i  =  $(0) 

G(s,l)(x)  =  F(s,x)  =  p  =  S  =  $(1). 

(9)       9    is    a   horaomorphism   of  A   onto   A. 
It    is    clearly   onto.      Let   cp .    €   ^-    €   A   such   that 
cp^(l)    =  p^(i    =    1,    2,     ...,    m)  .      Then 
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e([cpjL<p2- •  •<^m-'^    ^   e{[cp3_cp2.  .  .cpj^])    =    [cpj^cp2- • -cPn,]  (]-) 
=    [cp^(l)cp2(L)  ...cpj^(l)  ]    =    [p^P2.  ..Pjj,]    = 
=   [e(cp.]_)  9(cp2)  . .  -Q^^)  ]• 

The  following  theorem  proves  that  A  is  the  universal 
covering  m-group,  i.e.,  A  is  unique  up  to  iseomorphism . 

Theorem  4.5:   Let  h : A ' — >  A  be  a  continuous,  open, 
local  homeomorphism,  homomorphism  of  an  arcwise  connected, 
locally  arcwise  connected  and  simply  connected  topological 
m -group  (A ' ,  [ ] ,  u)  with  idempotent  e '  such  that  h(e ' )  =  e 
onto  the  given  topological  m-group  (A.  [],  t) .   Then  A '  and 
A  are  iseomorphic. 

Proof.   Let  9:A  — >  A  be  as  previously  defined  and 
define  a  map  k:A' — >   A  as  follows:   Let  cp '  €  A'  and  let 
cp:[0,l]  — >   A'  such  that  cp(0)  -  e',  cp(l)  =  cp '  with  cp  a  con- 
tinuous function.   Then  h  o  cp  defines  a  curve  in  A  with 
(h  o  cp)(0)  =  e  and  (h  o  cp)(l)  =  h(cp').   Since  A  is  simply 
connected,  the  choice  of  curve  cp(t)  connecting  e'  and  cp '  is 
unique  up  to  homotopy,  and  since  h  is  continuous,  the  image 
under  h  of  any  two  such  choices  will  be  homotopic.   The 
function  h  o  cp:[0,l]  — >  A  and  hence  defines  a  unique  point 
h  o  cp  in  A.   Define  k(cp')  =  h  o  cp.   It  is  clear  that  k  is 
well  defined. 

Now  let  U'  be  an  open  subset  of  A'  and  let  cp '  €  U'. 
Let  U  =  {cplcp:[0,l]  — >   U',  cp(0)  =  cp'  and  each  cp  is  continu- 
ous] and  let  i^  be  continuous  with  f:[0,l]  — >  A  such  that 
iji(O)  =  e',  ;j;(i)  =  cp'.   Since  U'  is  open  in  A',  h(U')  is 
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open  in  A  and  A  being  Locally  simply  connected  implies 
that  there  exists  an  open  set  V  in  A  about  the  point  h(cp'), 
V  c  h(U')  such  that  any  closed  curve  in  V  is  null  homo- 
topic,  or  that  any  two  curves  contained  in  V  beginning  at 
cp '  and  ending  at  the  same  point  are  homotopic. 

Letting  W  =  [h  o  cplcp  €  U,  h  o  :p:[0,l]  — >  V  such 
that  (h  o  cp)(0)  =  h(cp')},  we  see  that 

(1)  W  c  h  o  U  =  {h  o  cp|cp  €  U}, 

(2)  il(*(h   o  cp)Ih   o  cp   €   W}    defines    an   open    set 
in  A,    precisely   the    open    set   V,    and 

(3)  V  c  k(U') . 

Now,  (1)  is  clear  and  (2)  is  clear  if  we  note  that  the 
choice  of  V  gives  only  one  function  (up  to  homotopy)  con- 
necting h(cp')  and  any  point  in  V  and  this  function  will  be 
homotopic  to  the  h-image  of  the  corresponding  function  in 
A'.   V  c  k(U')  by  the  simple  connectedness  of  A'  and  the 
definition  of  k.   Hence,  k  is  an  open  function.   Next  we 

must  show  that  k  is  continuous.   Let  m '  6  A'  and  let  V  be 

^o 

a   basic   open    set    in  A   about  k(cp').      Since    9   is    an   open  map, 
9(V)    is   open    in  A   and  A    is    locally   simply   connected   so 

there   exists   a    simply    connected   open    set   W   in  A   such   that 

~  -1 

W  c   9(V)    and    e(k(cp'))    S  W.      Then  h      (W)    is   an   open   set   in 

A'    about   cp'    such   that  k(h~^(W))    c  V.      To   see    this,    let 
i((:[0,l]    — >  A'    such    that    i^(0)    =e',    ^(1)    =cp'    and    i^    is    con- 
tinuous.     Let  X    =    {cp|cp:[0,l]    — >   h~'''(W)    cp(0)    =   i^(l)    and 
each  cp   is    continuous}.      Since   A'    is    simply    connected. 
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;|/*X    =    [^*cplcp:[0,l]    — >   h~^(W),    cp(0)    =   ,1,(1)    and   each  cp    is 
continuous]    represents    all    continuous    functions 
t:[0,l]    — >  A'    such    that    f(0)    =  e'    and    f(l)    6   H~^(w). 
Since   W   is    simply    connected,    h   o  X    =    {h   o   cp|cp:[0,l]    — > 
h      (W)    cp(o)    =   ,|r(l)    and   each   cp   is    continuous]    represents    all 
continuous    function   g:[0,l]    — >   w   such    that    g(0)    =    (h   o   cp) 
(0)    -h(q5^).      Hence,    k(h~^(W))  =   h   o    (,^*xY  =    oTo    i^)*(h   o  X) 
=  tv  c  V. 

Next,  let  i|r',  cp '  €  A'  and  suppose  k(ij/')  =  k(cp').  If 
k(i|r')  =  k(cp'),  the  functions  i|(:[0,l]  — >  a'  and  cp:[0,l]  — *> 
A'  must  be  homotopic  and  hence,  i|,(l)  =  cp(l),  i.e.,  i|i  '  =  cp '  . 
Hence,    k   is    1-1. 

Now    let   cp^,     ...,    cpj^    e  A'    with   associated   functions 
iPi-Lo,!]    — ■>  A'    such   that   cp .  ( 1)    =  cD? 

Then   k[cp{    ...    cp^]    =  h~^   [cp^    '••^    =   fh"^^    ...    h   o   cpj 

(since   h    is    a   homomorphism)    =    [h   o   cd-,     .  .  .    h   o  cd    1    = 

^1         "*^m^ 

[k(cp-[)  ...  k(cpj^)].   Thus,  k:A'  — ■>  A  is  an  iseomorphism. 

Recalling  that  the  iseomorphism  of  A/Q-e"   to  A  was 
demonstrated  in  Theorem  2.29,  we  see  that  the  truth  of 
Theorem  4.4  has  been  demonstrated. 
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